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Iwasawa theory for GL2 × ResK/QGL1 – I
KÂZIM BÜYÜKBODUK AND ANTONIO LEI
Abstract. Let K be a imaginary quadratic field where the prime p splits. Our goal in this article is to prove
results towards the Iwasawa main conjectures for p-nearly-ordinary families associated to GL2×ResK/QGL1
with a minimal set of assumptions. The main technical input is an improvement on the locally restricted
Euler system machinery that allows the treatment of residually reducible cases, which we apply with the
Beilinson–Flach Euler system.
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1. Introduction
Let p ≥ 5 be a prime number. Let f ∈ Skf+2(Γ1(Nf ), ǫf ) be a cuspidal eigenform which is not of CM
type, where Nf is coprime to p. We assume that f admits a p-ordinary stabilization f
α with Up-eigenvalue
αf . We fix an imaginary quadratic field K with discriminant DK which is coprime to Nf and where p splits
with (p) = ppc; here c denotes any lift of a generator of Gal(K/Q) to GQ. We also fix a ray class character
χ of K with conductor f. We note that there will be no new result in the present article that concerns the
“Eisentein case” χ = χc.
Our goal in this paper is to prove divisibility results on the main conjectures for p-nearly-ordinary families
of automorphic motives on GL2 × ResK/QGL1. In more explicit (but still very rough) terms, we will prove
divisibilities in the Iwasawa Main Conjectures for families that interpolate Rankin–Selberg convolutions
fα × θχψ , where ψ is a Hecke character of K with p-power conductor and θχψ is the theta-series associated
χψ. These results should be thought of as evidence towards variational versions of Bloch–Kato conjectures
for the relevant class of motives.
There are many earlier works in this direction:
• The work of Bertolini–Darmon [BD05] addresses the “definite” anticyclotomic Iwasawa main conjec-
tures for the base change f/K of a modular form f ∈ S2(Γ0(Nf )) to K. The nearly-ordinary family
in question interpolates the self-dual twists of the Rankin–Selberg motives associated to f × θψ as
ψ varies among Hecke characters of K with p-power conductor.
• Chida and Hiseh in [CH15] generalized the work of Bertolini–Darmon to study the “definite” anticy-
clotomic Iwasawa main conjectures for the base change to K of a modular form f ∈ Skf+2(Γ0(Nf ))
of arbitrary weight.
• Howard in [How04] studied Perrin-Riou’s Heegner point (“indefinite” anticyclotomic) Main Conjec-
tures for f ∈ S2(Γ0(Nf )); and in [How07], he initiated the study of “indefinite” anticyclotomic Main
Conjectures which allow variation in Hida families. The nearly-ordinary family in question interpo-
lates the self-dual twists of the Rankin–Selberg motives associated to fα × θψ as ψ varies among
Hecke characters of K with p-power conductor and fα in a Hida family. Works of Fouquet [Fou13]
and the first named author [Büy14a] relied on the technology developed in [How07] to obtain results
towards “indefinite” anticyclotomic Main Conjectures in the latter setting.
• Skinner–Urban [SU14] proved (under mild hypotheses) the Iwasawa Main Conjectures for the base
change f/K of a modular form f ony weight, along the Z
2
p-tower ΓK of K. Their results also allowed
variation in f . The nearly-ordinary family in question interpolates the Rankin–Selberg motives
associated to fα × θψ as ψ varies among Hecke characters of K with p-power conductor and f
α in
a Hida family. In the work of Skinner–Urban, the global root number for f/K is assumed to be +1
(this property is constant in Hida families).
• In a direction complementary to [SU14], Castella–Wan [CW20] obtained similar results assuming
that the global root number for f/K is −1.
All the results above concern the case when χ = χc is abelian over Q. In the more general setup, there has
also been some progress, which is somewhat weaker than the case when χ = χc:
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• Under the hypothesis that χ is p-distinguished (which amounts to the requirement that the difference
χ(p) − χ(pc) does not belong to the maximal ideal of the coefficient ring), Castella [Cas17] (when
kf = 0) and the present authors [BL18] (general kf ) obtained results for the nearly-ordinary family
that consists of Rankin–Selberg motives associated to f ×θχψ as ψ varies among Hecke characters of
K with p-power conductor. In these works, the authors were able to descend to the anticyclotomic
tower to treat definite and indefinite cases simultaneously.
• In some cases, the work of Wan [Wan20] complements the results of [Cas17, BL18] to obtain a proof
of Iwasawa Main Conjectures (up to µ-invariants).
• We note that in [CH18], Castella and Hsieh have also obtained (non-variational) results towards
Bloch–Kato Conjectures for certain Rankin–Selberg motives f × θχψ at the central critical point.
All these results will be recalled in the main body of the article and their comparisons to the new results we
obtain in the present article will be made clear.
The main goal of present article is to remove the p-distinguished hypothesis, which is present in all previous
work which concern the “cuspidal” scenario χ 6= χc. Before we present our results in their precise form and
explain our strategy, we first recall the role p-distinguished hypothesis on χ played in earlier works.
When the prime p splits in K/Q and the Hecke character χ is p-distinguished, one may construct a full-
fledged Euler system over K associated to the Rankin–Selberg product f/K ⊗ χ. This relies on a “patching”
argument introduced in [LLZ15] when f has weight 2 and in [BL18] when f is of higher weight. The p-
distinguished hypothesis is crucial when identifying the irreducible component of the eigencurve that contains
the p-ordinary stabilization of θχ (which necessarily has CM by K thanks to the p-distinguished hypothesis,
by a result of Bellaïche and Dimitrov).
In the absence of the p-distinguished hypothesis, we are forced to work directly with the motives over
Q associated to Rankin–Selberg convolutions of the form f × θχψ (where the Hecke character ψ will vary).
This approach will require an extension of the locally restricted Euler system machinery, which we develop in
Appendix A and it constitutes the technical backbone of our strategy. The difficulty stems from the fact that
in the absence of p-distinguished hypothesis on χ, the residual Galois representation ρf⊗IndK/Qχmay well be
reducible. Therefore, locally restricted Euler system machinery developed in [Büy10, Büy11, Büy14b, BO20],
which ultimately relies on the theory of Kolyvagin systems [MR04] (where residual irreducibility is also
essential), cannot be put to use in the present setting.
Before we present our main results, we introduce some notation.
1.1. Set up. Let us fix an algebraic closure Q of Q and fix embeddings ι∞ : Q →֒ C and ιp : Q →֒ Cp as well
as an isomorphism j : C
∼
−→ Cp in a way that the diagram
C
j

Q
ι∞ 66♥♥♥♥♥♥
ιp ''❖
❖❖
❖❖
❖
Cp
commutes.
Definition 1.1 (Abelian extensions of K).
i) We let Hpn/K denote the ray class extension of conductor p
n and set Hp∞ := ∪nHpn . We let K∞/K
denote the maximal pro-p subextension in Hp∞/K and we put ΓK := Gal(K∞/K); note that ΓK ∼= Z
2
p.
ii) We let Kcyc ⊂ K∞ denote the cyclotomic Zp-extension of K. We set Γ
cyc := Gal(Kcyc/K).
iii) We let Dn/K denote the ring class extension of K of conductor p
n and let D∞ denote the compositum
of all Dn. Then D∞/K contains a unique Zp-extension K
ac/K, the anticyclotomic Zp-extension of K. We
put Γac := Gal(Kac/K).
iv) We let Gr(ΓK) denote the set of torsion-free quotients Γ of ΓK . For Γ ∈ Gr(ΓK), let KΓ denote the
corresponding Zp-power extension of K with Galois group Γ.
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v) For any profinite abelian group G, we put Λ(G) = Zp[[G]] := lim←−U
Zp[G/U ] where the projective limit is
over all subgroups of G with finite order. For any ring R that contains Zp, we also set ΛR(G) := Λ(G)⊗ZpR.
vi) We fix throughout a ray class character χ modulo f, where f is coprime to p.
Definition 1.2. For each integer m, let us write Q(m) to denote the maximal p-extension in Q(µm)/Q.
Definition 1.3 (Eigenforms and p-stabilizations).
i) Let f =
∑
an(f)q
n be a cuspidal non-CM eigenform of weight kf + 2, level Nf and nebentype ǫf . We
assume that f is p-ordinary in the sense we make precise below. We also assume that the level Nf of f is
coprime to DKNf.
ii) We let L ⊂ Cp denote a finite extension of Qp that contains the values of j ◦ χ and also admits the Hecke
field of f as a subfield. We let O denote its ring of integers, mO its maximal ideal and vp the normalized
valuation on L. We assume that the Hecke polynomial X2−ap(f)X+p
kf+1ǫf (p) splits in L and has a root αf
such that vp(αf ) = 0. We let f
α denote the (ordinary) p-stabilization of f for which we have Upf
α = αff
α.
We note that the choice of the field L is rather unessential (so long as it verifies the properties we recorded
above, which is always possible to ensure so long as ap(f) is not divisible by all primes of the Hecke field of
f that lie above p) and we will assume without notifying readers that it is enlarged as necessary to serve our
purposes.
Definition 1.4 (The weight space and Hida’s universal Hecke algebra).
i) We set Λwt := Λ(Z
×
p ) and put [·] : Z
×
p →֒ Λ(Z
×
p )
× for the natural injection. We define the universal weight
character κ on setting κ : GQ
χcyc
−→ Z×p →֒ Λ
×
wt (where χcyc is the p-adic cyclotomic character). We say that
a ring homomorphism κ : Λwt −→ O is an arithmetic specialization of weight k + 2 ∈ Z to mean that the
compositum
GQ
κ
−→ Λ×wt
κ
−→ O
agrees with χkcyc on an open subgroup of GQ.
ii) Let us define Λ
(f)
wt
∼= Λ(1 + pZp) as the component that corresponds to weight kf + 2, in the sense that the
map Λ×wt
〈kf 〉
−→ Zp factors through Λ
(f)
wt . Here, for any integer k, we have set 〈k〉 : Λ(Z
×
p )→ Zp for the group
homomorphism induced from the map [x] 7→ xk on group-like elements of Λ(Z×p ).
iii) We let f =
∑∞
n=1 an(f)q
n ∈ Λf[[q]] denote the branch of the primitive Hida family of tame conductor Nf ,
which admits fα as a weight kf + 2 specialization. Here, Λf is the branch (i.e., the irreducible component)
of the Hida’s universal ordinary Hecke algebra determined by fα. It is finite flat over Λ
(f)
wt and the universal
weight character κ restricts to a character (also denoted by κ)
κ : GQ −→ Λ
×
wt ։ Λ
(f),×
wt −→ Λ
×
f
.
iv) For any Γ ∈ Gr(ΓK), we set Λf(Γ) := Λf ⊗̂Λ(Γ).
Definition 1.5 (Galois representations attached to (families of) eigenforms).
i) Let Wf ∼= L
2 denote Deligne’s cohomological representation attached to f and fix a GQ-stable lattice Rf ∼=
O2 inside Wf .
ii) When ρf is absolutely irreducible, there exists a free Λf-module R
∗
f
of rank two, which is equipped with a
continuous action of GQ unramified outside primes dividing pNf and which interpolates Deligne’s represen-
tations R∗
f(κ) associated to arithmetic specializations f(κ) of the Hida family.
iii) We have ∧2R∗
f
∼
−→ Λf(κ+ 1)⊗ ǫf for the determinant of the GQ-representation R
∗
f
.
iv) If we assume in addition that f is p-distinguished, then the GQp -representation R
∗
f
admits a GQp-stable
direct summand F+R∗
f
of rank one.
Definition 1.6 (Self-dual twists).
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i) The universal weight character κ admits a “square root”; namely, there exists a character κ
1
2 : GQ −→ Λ
×
f
with the property that κ = (κ
1
2 )2. When ǫf = 1, we set R
†
f
:= R∗
f
(−κ
1
2 ) and call it the self-dual twist of R∗
f
.
ii) Notice that R†
f
specializes in weight kf + 2 to R
†
f := R
∗
f (−kf/2). We call R
†
f the self-dual twist of R
∗
f .
Remark 1.7. Instead of requiring that ǫf = 1, we could equally work under the weaker hypothesis that ǫf
admits a square-root, in the sense that there exists a Dirichlet character ηf with ǫf = η
2
f . In that scenario,
we would put R†
f
:= R∗
f
(−κ
1
2 η−1f ) so that R
†
f
is self-dual in the sense that there exists an isomorphism
R†
f
∼
−→ HomΛf(R
†
f
,Λf)(1) .
We next define the Galois representations which will arise as the p-adic (étale) realizations of the Rankin–
Selberg motives associated to f × θχψ.
Definition 1.8 (Galois representations attached to Rankin–Selberg convolutions f/K ⊗ χ and families).
i) We define the GK-representation Tf,χψ := R
∗
f ⊗ χψ for any Hecke character ψ over K. We similarly put
Tf,χψ := R
∗
f
⊗ χψ.
ii) When χ = χc and ǫf = 1, we define T
†
f,χξ := R
†
f ⊗ χξ for any character ξ of Γ
ac. We similarly put
T †
f,χξ := R
†
f
⊗ χξ.
iii) For Γ ∈ Gr(ΓK), we write Λ(Γ)
♯ for the free Λ(Γ)-module of rank one equipped with the tautological action
of GK . For each such Γ other than Γ
ac, we define
T
(Γ)
f,χ := Tf,χ ⊗ Λ(Γ)
♯
and we put T
(Γac)
f,χ := T
†
f,χ ⊗ Λ(Γ
ac)♯ . We also set T†f,χ := T
†
f,χ ⊗ Λ(ΓK)
♯.
iv) When Γ = ΓK ,Γ
cyc or Γac, we shall write Tf,χ, T
cyc
f,χ or T
ac
f,χ in place of T
(ΓK)
f,χ , T
(Γcyc)
f,χ or T
(Γac)
f,χ , respectively.
v) We similarly define the GK-representations T
(Γ)
f,χ , Tf,χ, T
cyc
f,χ , T
ac
f,χ and T
†
f,χ that come attached to f and χ.
Remark 1.9.
i) We explain why we prefer to work with T †f,χξ of Tf,χξ in the anticyclotomic setting. When χ
c = χ−1
and εf = 1, the representations T
†
f,χξ are conjugate self-dual in the sense that there are GK-isomorphisms
T †f,χξ
∼
−→ HomZp
(
T †f,χcξc ,Zp(1)
)
. Those Hecke characters ψ such that the GK-representation T
†
f,χψ is
conjugate self-dual are precisely the anticyclotomic Hecke characters.
ii) It follows from the discussion above that we have a natural conjugate self-duality isomorphism
Tacf,χ
∼
−→ HomΛ(Γac)
(
T
ac,ι
f,χc ,Λ(Γ
ac)
)
(1)
where Tac,ιf,χc := T
ac
f,χc ⊗Λ(Γac) Λ(Γ
ac)ι and Λ(Γac)ι is the free Λ(Γac)-module of rank one on which GK acts
via the compositum GK −→ Γ
ac γ 7→γ
−1
−→ Γac.
Definition 1.10. For any Hecke character ψ of K, we define the GQ-representation X
◦
f,χψ := R
∗
f⊗IndK/Qχψ
and Xf,χψ = X
◦
f,χψ ⊗Zp Qp. We similarly put X
◦
f,χψ := R
∗
f
⊗ IndK/Qχψ. Finally, for any Γ ∈ Gr(ΓK), let us
put X◦
f,χ,Γ := IndK/QR
∗
f
(χ)⊗̂ZpΛ(Γ)
♯.
1.2. Results. Throughout Section 1.2, we assume that
• ρ
f
|GK is absolutely irreducible and p-distinguished,
• χ 6≡ χc mod ma+1O for some integer a ∈ Z≥0.
These two hypotheses will be in effect in all our main results. Notice that a ∈ Z≥0 as above always exists
since we have assumed χ 6= χc.
We will consider the following conditions that concern the images of certain GQ-representations.
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τ(f, ψ) : There exists τ ∈ GQ(µp∞ ) such that Xf,χψ/(τ − 1)Xf,χψ is an L-vector space of dimension one.
τ◦(f, ψ) : There exists τ ∈ GQ(µp∞ ) such that X
◦
f,χψ/(τ − 1)X
◦
f,χψ is a free O-module of rank one.
τ(f,ΓK) : There exists a p-adically dense subset Z
(2)
f ⊂ Sp(Λ(ΓK))(O) consisting of of locally algebraic char-
acters of ΓK such that
i) if ψ is the Hecke character associated to an element of Z
(2)
f , then ψ belongs to the set denoted
by Σ
(2)
crit in Definition 2.2 below.
ii) τ◦(f, ψ) holds true for every ψ ∈ Z
(2)
f .
τ(f,ΓK) : There exists a p-adically dense collection Zf ⊂ Sp(Λwt)(O) of crystalline arithmetic specializations
such that for every gλ ∈ Zf which is the p-stabilization of an eigenform g of level Nf , the property
τ(g,ΓK) holds true.
Definition 1.11. When τ is an element verifying τ(f, ψ), we set bτ,ψ := lengthO
(
(X◦f,χψ/(τ − 1)X
◦
f,χψ)tor
)
.
Remark 1.12.
i) Any one of the four conditions above follows if
(τ ) There exists Γcyc 6= Γ ∈ Gr(ΓK) and τ ∈ GQ(µp∞ ) such that the Λf(Γ)-module X
◦
f,χ,Γ/(τ − 1)X
◦
f,χ,Γ
is free of rank one.
ii) A slight variation of [Loe17, Proposition 4.3.1] along the lines of [BO20, Theorem 5.6] shows that if ǫf 6= 1
or χ|A×
Q
6= 1 and p >> 0 (relative to f , χ and K), the hypothesis τ(f,ΓK) holds true.
iii) Suppose that there exists a p-adically dense collection Sf ⊂ Sp(Λwt)(O) of crystalline arithmetic special-
izations such that for each gλ ∈ Sf as above, there exists Γ ∈ Gr(ΓK) with the following two properties:
a) The fixed field Kg of ker(GK
ρg
−→ GL2(O)) is linearly disjoint with KΓ over K.
b) ρg(GK) ⊃ SL2(Zp).
In that case, one may argue as in the proof of [Loe17, Theorem 4.4.1] to prove that τ(f,ΓK) holds true.
iv) If the ray class character χ is p-distinguished, we may then
• eliminate the hypothesis τ(f, ψ) from Theorems 1.13 and 1.14;
• allow us to replace the hypotheses τ(f, ψ) and τ(f, ψ) in Theorems 1.15, 1.16, 1.17 and 1.18 with
the much weaker hypothesis that ρf(GK) ⊃ SL2(Fp) (namely that the residual Galois representation
ρf|GK is full)
using an Euler system argument over K which we do not discuss here (this case is covered in [BL18]).
The extended Selmer groups, denoted by H˜2f (−), that make an appearance in Theorems 1.13– 1.18 are
introduced in Definitions 3.2 and 4.5 below. We also refer the reader to Remark 5.3(ii) and Definition 5.6 for
the definitions of the “error terms” H0(Qp,A1), H
0(Qp,A2) and Tam(f, χψ) that appear in the statement of
Theorem 1.13. We note that these error terms are trivial for all but finitely many choices of ψ.
Theorem 1.13 (Theorem 5.9). We assume the validity of the condition τ(f, ψ).
i) Suppose that ψ ∈ Σ
(1)
crit is a p-crystalline character with infinity type (ℓ1, ℓ2). We then have
ordp
(
|H˜2f (GK,Σ, Tf,χψ; ∆
(1))|
|H0(Qp,A1)| · Tam(f, χψ)
)
≤
[
H1(Kp, F
−R∗f (χψ)) : O · res
(1)
p
(
BFf⊗χψαf ,αχψ
)]
+ t .
for some constant t that depends only on a, bτ,ψ and the residual representation Xf,χψ.
Moreover, one may take t = 0 if a = bτ,ψ = 0.
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ii) Suppose that ψ ∈ Σ
(2)
crit is p-crystalline. We then have
ordp
(
|H˜2f (GK,Σ, Tf,χψ; ∆
(2))|
|H0(Qp,A2)| · Tam(f, χψ)
)
≤
[
H1(Kpc , F
+R∗f (χψ)) : O · res
(2)
pc
(
BFf⊗χψαf ,αχψ
)]
+ t .
for some constant t that depends only on a, bτ,ψ and the residual representation Xf,χψ. Moreover, one may
take t = 0 if a = bτ,ψ = 0.
The proof of Theorem 1.13 relies on the locally restricted Euler system machinery we develop in Appen-
dix A in the setting when the residual representation need not be irreducible. The general statement we
prove in this vein is Theorem A.9 and it may be of independent interest.
The conclusions of Theorem 1.13 and the relation of Beilinson–Flach elements to L-values combined
together give the following result.
Theorem 1.14 (Theorem 5.11). Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a ray
class character of K. Let ψ ∈ Σ
(i)
crit be an algebraic Hecke character of p-power conductor, which is critical
for the eigenform f . Suppose that ρf is absolutely irreducible and either χ 6= χ
c. Assume in addition that
the hypothesis τ(f, ψ) holds true. If L(fK ⊗ χ
−1ψ−1, 0) 6= 0, then the Selmer group H˜2f (GK,Σ, Tf,χψ; ∆
(i))
has finite cardinality.
In the statement of Theorem 1.13, one may vary ψ among critical Hecke characters and fα in the Hida
family f to prove (relying on the discussion of Appendix B) the following results towards Iwasawa Main
Conjectures.
Theorem 1.15 (Theorem 5.20). Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a
ray class character of K with χ 6= χc. Let f be the unique branch of the Hida family that admits f as a
specialization in weight kf + 2. Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) If the hypothesis τ(f,ΓK) holds true, then
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pa1ΛO(ΓK)Lp(f/K ⊗ χ,Σ(1)crit)∣∣ΓK
for some a1 ∈ Z which only depends on ρf and χ, and
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
) ∣∣∣ pa2ΛO(ΓK)HχLp(f/K ⊗ χ,Σ(2)crit)∣∣ΓK
for some a2 ∈ Z which only depends on ρf and χ. Here, Hχ ∈ ΛΦ(Γ
ac) is a generator of the congruence
module associated the CM form θχ and Lp(f/K ⊗ χ,Σ
(i)
crit) (i = 1, 2) are Hida’s pair of p-adic L-functions
given as in Definition 3.4 below.
ii) Assume the hypothesis τ(f,ΓK) holds true. Suppose also that Λf is regular. Then,
charΛf(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pb1HfLp(f/K ⊗ χ,Σ(1)crit)∣∣ΓK
for some b1 ∈ Z, and
charΛf(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
) ∣∣∣ pb2HχLp(f/K ⊗ χ,Σ(2)crit)∣∣ΓK
for some b2 ∈ Z. Here, Hf ∈ Λf is a generator of Hida’s congruence ideal and Lp(f/K ⊗ χ,Σ
(2)
crit) (i = 1, 2)
are Hida’s pair of p-adic L-functions given as in Theorem 4.7 below.
The divisibilities in Theorem 1.15(i) could be upgraded to equalities once suitable extensions of the results
in [Wan20] become available.
In Section 5.4, we explain how to apply the general descent formalism Nekovář has developed in [Nek06]
combined with our results here to obtain the following ΛO(Γ
ac)-adic and Λf(Γ
ac)-adic Birch and Swinnerton-
Dyer type formulae. We assume until the end of Section 1.2 that ǫf = 1 and χ
c = χ−1.
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Suppose R is a complete local Krull domain and F ∈ R[[γcyc − 1]] (resp., J ⊂ R[[γcyc − 1]] is an ideal).
The definition of the mock leading term ∂∗cycF ∈ R (resp., ∂
∗
cycJ ∈ R, which is defined only up to units of
R) that make an appearance below is given in Definition 5.31 (resp., in Definition 5.33).
Theorem 1.16 (Theorem 5.32). Suppose N−f is square-free and ρf |GK is absolutely irreducible and p-
distinguished. Suppose χ2 6= 1.
i) If the hypothesis τ(f,ΓK) holds true, then
∂∗cyccharΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
= RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
.
ii) Assume the hypothesis τ(f,ΓK) holds true, as well as that Λf is regular. Then,
∂∗cyccharΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
= RegTac
f,χ
· charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
.
Combining this algebraic variants of Λ-adic BSD formulae with Theorem 1.15, we deduce the following
statements towards anticyclotomic Iwasawa Main Conjectures.
Theorem 1.17 (Theorem 5.35, Main Conjectures of Definite Anticyclotomic Iwasawa Theory). Suppose
that N−f is a square-free product of an even number of primes. Assume that ρf |GK is absolutely irreducible
and p-distinguished. Assume also that χ2 6= 1.
i) If the hypothesis τ(f,ΓK) holds true, then
charΛO(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗ Qp
∣∣∣ ΛL(Γac) · Lp(f/K ⊗ χ,Σ(1)cc )∣∣Γac .
ii) Assume the hypothesis τ(f,ΓK) holds true, as well as that Λf is regular. Then,
charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗ Qp
∣∣∣ ΛL(Γac) ·HfLp(f/K ⊗ χ,Σ(1)cc )∣∣Γac .
The twisting morphisms Tw : Λ(Hp∞) −→ Λ(Hp∞) and Twf : Λf(Hp∞) −→ Λf(Hp∞) which appear in
Theorem 1.18 below are introduced in Definitions 2.6 and 4.9.
Theorem 1.18 (Theorem 5.36, Main Conjectures of Indefinite Anticyclotomic Iwasawa Theory). Suppose
that N−f is a square-free product of an even number of primes. Assume that ρf |GK is absolutely irreducible
and p-distinguished, that χ2 6= 1, as well as that Λf is a regular ring.
i) If the hypothesis τ(f,ΓK) holds true, then
i.1) Both ΛO(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) have rank one.
i.2) We have a containment
ΛL(Γ
ac) · ∂∗cyc
(
Tw
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
ΓK
)
⊂ RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp .
ii) Assume the hypothesis τ(f,ΓK) holds true, as well as that Λf is regular. Then,
ii.1) Both Λf(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) have rank one.
ii.2) We have a containment
(Λf(Γ
ac)⊗ZpQp)Hf·∂
∗
cyc
(
Twf
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
ΓK
)
⊂ RegTac
f,χ
·charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗Qp .
These results simultaneously extend the previous works by Bertolini–Darmon, Castella, Castella–Wan,
Castella–Hsieh Chida–Hsieh, Howard, Fouquet, Skinner–Urban and the present authors that we have men-
tioned above. We have included variants of our results which were obtained in these earlier works in the main
body of our article, so as to both allow a comparison with known results and also to offer an as complete
picture as possible describing the progress so far towards the Main Conjectures for GL2 × ResK/QGL1.
Another benefit of the current approach is that it allows the study of the far more challenging case when
the prime p remains inert in K/Q. This is the subject of the sequel [BL20].
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1.3. Overview. We summarize the contents of the current article.
• We introduce various collections of Hecke characters which are critical in a suitable sense as well
as theta-series which come attached to them in Section 2. We review Beilinson–Flach elements for
Rankin–Selberg convolutions of cuspidal eigenforms with the theta-series of these Hecke characters
in Section 2.1.
• After introducing the Selmer complexes and Hida’s p-adic L-functions which we shall repeatedly use
in this article in Section 3, we formulate the Iwasawa Main Conjectures for GL2 × ResK/QGL1 in
Section 4.1 and discuss previous work in certain cases (for most part, due to Castella, Skinner–Urban,
Wan and the present authors).
• In Section 4.2, we allow variation in the non-CM factor in the Rankin–Selberg convolutions in
question and formulate the Main Conjectures in that set up. We review earlier works for families
(due to Skinner–Urban, Wan and Castella–Wan) in Section 4.2 and move on to prove the the main
results of the current article in Section 5.
• In Section 5.1, we present our results towards Bloch–Kato conjectures. Our argument therein relies
on the general machinery we develop in Appendix A, which might be of independent interest.
• We combine these results together with the criterion for divisibility we prove in Appendix B to prove
our Iwasawa theoretic results over the Z2p-extension of K in Section 5.2.
• After reviewing Nekovář’s general descent formalism in Section 5.3.1, we apply his results in Sec-
tion 5.3.2 to obtain our Iwasawa theoretic results for any Zp-extension of K.
• In the particular case where the Zp-extension in question is the anticyclotomic Zp-extension of
K, we combine Nekovář’s general descent formalism and our results in Section 5.2 with the work of
Chida–Hsieh and Hsieh to the anticyclotomic main conjectures. Our results that concern the definite
anticyclotomic case are proved in Section 5.4.1, and those that indefinite anticyclotomic case (where
we obtain a Λf(Γ
ac)-adic Birch and Swinnerton-Dyer type formula) are in Section 5.4.2.
• We finish our paper with Appendix C where we correct an inaccuracy in [BL18] pertaining to the
interpolation formulae for Hida’s p-adic L-functions presented in op. cit.
2. Critical Hecke characters, theta series and Beilinson–Flach elements
In this section where we introduce certain sets of Hecke characters, our discussion follows [BDP13, §4]
very closely. As in the introduction, let us fix a cuspidal eigenform f of weight kf + 2 as well as a ray class
character χ modulo f and of finite order. We also assume that the level Nf of f is coprime to DKNf.
Definition 2.1.
i) We say that a Hecke character ψ of K with p-power conductor is critical (relative to the eigenform f and
the character χ we have fixed) if s = 1 is a critical value for the L-function L(f/K ⊗ χ
−1ψ−1, s). We shall
denote the set of critical Hecke characters by Σcrit.
ii) Given ψ ∈ Σcrit with infinity-type (ℓ1, ℓ2), let us put ℓ := |ℓ1 − ℓ2| and ℓ0 := min(ℓ1, ℓ2).
We note that ψ ∈ Σcrit if and only if ψ| · | belongs to Σ of [BDP13, §4.1]. We prefer to work with this
shift since we will work with the homological (rather than cohomological) Galois representations attached
to modular forms.
It follows from the discussion in [BDP13, §4.1] that a Hecke character ψ with p-power conductor and
infinity-type (ℓ1, ℓ2) is critical if and only if one of the following holds:
• 0 ≤ ℓ1, ℓ2 ≤ kf .
• ℓ1 ≥ kf + 1 and ℓ2 ≤ −1 or ℓ2 ≥ kf + 1 and ℓ1 ≤ −1.
Definition 2.2. We define Σ
(1)
crit ⊂ Σcrit as the set of Hecke characters ψ whose infinity-type (ℓ1, ℓ2) verifies
1 ≤ ℓ1, ℓ2 ≤ kf .
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We define Σ
(2)
crit ⊂ Σcrit as the set of Hecke characters ψ whose infinity-type (ℓ1, ℓ2) verifies
ℓ1 ≥ kf + 1 and ℓ2 ≤ −1; or ℓ2 ≥ kf + 1 and ℓ1 ≤ −1.
Remark 2.3. The set Σcrit is determined by the weight kf + 2 of the eigenform f . When we need to
emphasize this dependence, we shall write Σcrit(kf ) in place of Σcrit. We similarly use the notation Σ
(1)
crit(kf ),
Σ
(2)
crit(kf ) wherever appropriate.
Definition 2.4. We say that ψ ∈ Σcrit is central critical if ℓ1 + ℓ2 = kf and χψ
∣∣
A
×
Q
· | · |−kf = ǫf . For each
i ∈ {1, 2}, we let Σ
(i)
cc ⊂ Σ
(i)
crit denote the collection of central critical characters and we put Σcc = Σ
(1)
cc
⊔
Σ
(2)
cc .
Remark 2.5.
i) Since we assume that f is coprime to pNf , the requirement that χψ
∣∣
A
×
Q
· | · |−kf = ǫf implies that χ
∣∣
A
×
Q
= 1.
In other words, the set Σcc is non-empty only when the character χ is anticyclotomic. When this is the case,
ψ ∈ Σcc if and only if ψ
∣∣
A
×
Q
· | · |−kf = ǫf . In particular, the set Σcc is determined by the weight kf + 2
of f and its nebentype ǫf . We shall still write Σcc(kf ), Σ
(1)
cc (kf ) and Σ
(2)
cc (kf ) whenever we would like to
emphasize this dependence (but will not record the dependence on ǫf ).
ii) Suppose c | Nf is the conductor ǫf and ψ ∈ Σcc(kf ), so that ψ
∣∣
A
×
Q
= | · |kf ǫf . In particular, the conductor
of ψ is divisible by c.
In what follows, we will be interested in the GK-representation Tf,χψ := R
∗
f ⊗χψ and for technical reasons
(which are relevant to the use of Beilinson–Flach elements), we will need to assume that the conductor of
χψ is coprime to Nf . The discussion above tells us that ψ ∈ Σcc(kf ) with this additional requirement exists
if c = 1; namely, only if ǫf = 1 and f ∈ Skf+2(Γ0(Nf )).
From now on, whenever Σcc(kf ) is mentioned, we will always assume that ǫf is the trivial character.
Definition 2.6.
i) We let Tw : Λ(Hp∞)→ Λ(Hp∞) denote the twisting morphism induced by γ 7→ χ
−kf/2
cyc (γ)γ, where we have
defined (by slight abuse) χcyc to denote the compositum of the arrows
χcyc : Hp∞ ։ Gal(K(µp∞)/K)
χcyc
−→ Z×p .
Given a p-adic character Ξ : Hp∞ → Cp, we let Tw(Ξ) denote the character given as the composition
Tw(Ξ) : Hp∞ →֒ Λ(Hp∞)
Tw
−→ Λ(Hp∞)
Ξ
−→ Cp .
More explicitly, Tw(Ξ) = Ξχ
−kf/2
cyc .
ii) If ξ is a Hecke character of K, we define the Hecke character Tw(ξ) = ξ| · |kf/2. The p-adic avatar ξp of
ξ verifies (Tw(ξ))p = ξp χ
−kf/2
cyc = Tw(ξp). The map Tw is a bijection on the set of Hecke characters of K;
we denote its inverse by Tw−1. It is clear that Tw−1(ξ) = ξ| · |−kf/2.
Remark 2.7. Suppose that ǫf = 1 and let ψ ∈ Σcc(kf ) be a Hecke characters with p-power conductor. The
Galois character associated to the p-adic avatar ψpχ
kf/2
cyc of the Hecke character Tw
−1(ψ) = ψ| · |−kf/2 factors
through Gp∞ := Gal(D∞/K), where we recall that D∞ := lim−→
Dn is the compositum of ring class extension
of K of conductor a power of p.
Conversely, suppose ξp is a continuous character of Gp∞ , then the associated p-adic Hecke character
(which we still denote by ξp) of K has p-adic type (a,−a). We say that ξp is algebraic if a ∈ Z. When that
is the case, ξp appears as the p-adic avatar of a Hecke character ξ of infinity type (a,−a), for which we have
ξ|A×
Q
= 1. Moreover, we have Tw(ξ) = ξ| · |kf/2 ∈ Σcc(kf ) with p-power conductor.
In summary, there is a natural bijection between Σcc(kf ) and continuous algebraic characters of Gp∞ .
Remark 2.8. The compositum D∞ is a finite extension of the anticyclotomic Zp-extension K
ac of K. Recall
that Hp∞ denotes the ray class group of K modulo p
∞. We have natural surjections Hp∞ ։ Gp∞ ։ Γ
ac.
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Remark 2.9. Our Σ
(i)
crit agrees with the set denoted by Σ
(i) in [BDP13, Definition 4.1]. Moreover, ξ ∈ Σ
(i)
crit
if and only if ξ−1| · |kf/2 belongs to the set Σ(i) in [BL18].
Definition 2.10. Let ξ be a Hecke character of K of conductor f and infinity-type (ℓ1, ℓ2).
i) We put ξ0 := ξ
−1| · |ℓ1 so that ξ0 is a Hecke character of infinity type (0, ℓ1 − ℓ2).
ii) We define the theta series θξ of ξ on setting
θξ =
∑
(a,f)=1
ξ0(a)q
N(a)
=
∑
(a,fc)=1
ξc0(a)q
N(a) ∈Mℓ+1(Γ1(Nξ), ǫξ)
is an eigenform of weight ℓ + 1, level Nξ := |DK |Nf and nebentype ǫξ := ξ0|A×
Q
ǫK . Unless ℓ = 0 and
ξ = Ξ ◦ NK/Q for some character of A
×
Q , the eigenform θξ is cuspidal (see [Miy06, Theorem 4.8.2]).
Lemma 2.11. We have
R∗θξ = IndK/Q ξ
−1
0,p = (IndK/Q ξp)(ℓ1) .
where we write ψp denote the p-adic avatar of the Hecke character ψ.
Proof. The first equality is well-known and the second is clear from definitions. 
Definition 2.12. We say that a Hecke character ξ is p-crystalline if the GK -representation associated to ξp
is crystalline at both primes p and pc above p.
For each q ∈ {p, pc}, we recall thatK
(q)
∞ stands for the composite of all subfields ofK∞ that are unramified
at qc. We also recall that Γq := Gal(K
(q)
∞ /K) ∼= Zp. For a fractional ideal a ⊂ OK coprime to fp, we shall
write Artp([a]) ∈ Γp for its image under the geometrically-normalised Artin map composed with the canonical
surjection Hfp∞ ։ Γp.
Definition 2.13.
i) We set an(gχ) :=
∑
(a,fp)=1,Na=n
χ−1(a)Artp([a]) and let
gχ :=
∞∑
n=1
an(gχ)q
n ∈ ΛO(Γp)[[q]]
denote the canonical branch (determined by χ) of the CM Hida family of tame level |DK |Nf.
See [JSW17, §5.2] for further details concerning the family gχ and its fundamental properties in the
particular case χ = 1. The Galois representation R∗gχ attached to gχ has the following properties:
(1) R∗gχ := IndK/QΛ(Γp)
♯ ⊗χ, where Λ(Γp)
♯ is the free Λ(Γp)-module of rank one on which GK acts via
the canonical character k : GK ։ Γp →֒ ΛO(Γp)
×. In particular,
(2.1) R∗gχ |GK := (Λ(Γp)
♯ ⊗ χ)⊕ (Λ(Γpc)
♯ ⊗ χc).
We also have a natural isomorphism
R∗f ⊗R
∗
gχ
⊗̂ΛO(Γ
cyc) ∼=
(
IndK/QR
∗
f ⊗ χ
)
⊗ ΛO(ΓK)
♯ .
of GQ-representations. A similar statement holds if we replace f with a Hida family f.
(2) On identifying GQp = GKp with a decomposition group inside GK , we let F
+R∗gχ (resp., F
−R∗gχ)
denote the restriction of the first (resp., second) factor in (2.1) to GQp . Then the free rank-one
ΛO(Γp)-modules F
+R∗gχ(−k) and F
−R∗gχ both carry an unramified action of GQp and the geometric
Frobenius acts on F−R∗gχ by multiplication by ap(gχ).
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(3) If ξ is a p-crystalline Hecke character with infinity-type (0, 1− ℓ) and 2(p− 1) | ℓ− 1, then
θξ =
∑
(a,fp)=1
χ−1ξ−1(a)qNa ∈ Sℓ(Γ1(Nχp), ǫχ)
is the unique crystalline weight-ℓ specialization of the Hida family gχ.
2.1. Beilinson–Flach elements. We let χ denote a ray class character of K with conductor f. As above,
we fix a cuspidal Hida family f of tame level Nf . We recall that R
∗
f
denotes Hida’s Λf-adic representation
attached to f and Tf,χ := R
∗
f
⊗ χ. For each positive integer m coprime pNf Nf |DK |, we let
BFf,χm ∈ H
1(Q(µm), R
∗
f ⊗̂R
∗
gχ
⊗̂Zp Λ(Γ
cyc)♯) = H1(K(µm), Tf,χ ⊗̂Zp Λ(ΓK)
♯)
denote the Beilinson–Flach elements given as in [KLZ16, Definition 8.1.1] (after canceling out the smoothing
factor involving the auxiliary parameter c). In place of BFf,χ1 , we shall write BFf,χ.
Similarly, suppose fα ∈ Skf+2(Γ1(Nfp), ǫf ) be a specialization of the Hida family f, where f is a cuspidal
eigenform of level Nf with f
α its p-ordinary stabilization. Recall that R∗f stands for Deligne’s representation
attached to f and Tf,χ := R
∗
f ⊗ χ. For each positive integer m coprime pNf Nf |DK |, we let
BFf
α,χ
m ∈ H
1(Q(µm), R
∗
f ⊗̂R
∗
gχ
⊗̂Zp Λ(Γ
cyc)♯) = H1(K(µm), Tf,χ ⊗̂Zp Λ(ΓK)
♯)
denote the image of BFf,χm under the natural specialization map determined by f
α. In place of BFf
α,χ
m , we
shall write BFfα,χ.
2.1.1. Self-dual twists. We retain our notation and hypotheses from Section 2.1. We assume in this subsection
that χc = χ−1 and εf = 1. When we are studying anticyclotomic variation, we will work with the twisted
variants
BFf,χ,†m ∈ H
1(K(µm), T
†
f,χ ⊗̂Zp Λ(ΓK)
♯)
BFf
α,χ,†
m ∈ H
1(K(µm), T
†
f,χ ⊗̂Zp Λ(ΓK)
♯) .
We will also put BF†
f,χ := BF
f,χ,†
1 and BF
†
fα,χ := BF
fα,χ,†
1 to ease notation.
3. Selmer complexes and p-adic L-functions
3.1. Selmer complexes. We start with a very general definition of a Selmer complex.
Definition 3.1. Consider any complete local Noetherian ring R and a free R-module X of finite rank which
is endowed with a continuous action of GK,Σ. Assume that for each prime q of K above p, we are given a
free R-direct summand F+q X of X, which is stable under the action of GKq .
i) The Selmer complex
R˜Γf(GK,Σ, X ; ∆X) ∈ Dft(RMod)
with local conditions ∆X is given as in [Nek06, §6.1]. We denote its cohomology by H˜
•
f (GK,Σ, X ; ∆X).
ii) We shall write ∆(1) for local conditions which are unramified for all primes in Σ that are coprime to p (see
[Nek06, §8] for details) and which are given by the Greenberg conditions (see [Nek06, §6.7]) with the choice
j+q : F
+
q X −→ X
for each prime q of K above p.
iii) Suppose (p) = ppc splits in K. We shall write ∆(2) for local conditions which are unramified for all primes
in Σ that are coprime to p (see [Nek06, §8] for details) and which are given by the Greenberg conditions (see
[Nek06, §6.7]) with the choices
j+p : X
=
−→ X
j+pc : {0} →֒ X
at the primes p and pc, respectively.
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We recall the Galois representations we have introduced in Definition 1.8. We shall plug these in place of
X in Definition 3.1 to define the Selmer groups relevant to our discussion.
Since we assumed that f is p-ordinary, the GQp -representation R
∗
f admits a GQp -stable direct summand
F+R∗f of rank one (with the additional property that the quotient F
−R∗f := R
∗
f/F
+R∗f is unramified). This
gives rise to a rank-one direct summand F+T
(Γ)
f,χ of T
(Γ)
f,χ (resp., a rank-one direct summand F
+T
†
f,χ ⊂ T
†
f,χ).
Definition 3.2. Let Σ denote the set of places of K which divide pfNf∞.
i) The complex
R˜Γf(GK,Σ,T
(Γ)
f,χ; ∆
(1)) ∈ Dft(ΛO(Γ)Mod)
will be called the Greenberg Selmer complex corresponding Σ
(1)
crit. Here, ∆
(1) stands for the local conditions
which are unramified for all primes in Σ that are coprime to p and which are given by the Greenberg conditions
with the choice
j+q : F
+T
(Γ)
f,χ −→ T
(Γ)
f,χ
for each q ∈ {p, pc}.
ii) The complex
R˜Γf(GK,Σ,T
(Γ)
f,χ; ∆
(2)) ∈ Dft(ΛO(Γ)Mod)
will be called the Greenberg Selmer complex corresponding Σ
(2)
crit.
We similarly define R˜Γf(GK,Σ,T
†
f,χ; ∆
(i)) ∈ Dft(ΛO(ΓK)Mod) for i = 1, 2.
Remark 3.3. For each i ∈ {1, 2}, we have a natural isomorphism
lim
←−
cor
H˜•f (GK′,Σ′ , Tf,χ; ∆
(i))
∼
−→ H˜•f (GK,Σ,T
(Γ)
f,χ; ∆
(i))
by [Nek06, Proposition 8.8.6] (induced by Shapiro’s Lemma). Here K ′/K runs through finite subextensions
of KΓ/K and we denote by Σ
′ the set of primes of K ′ that lie above the primes in Σ.
3.2. Hida’s p-adic Rankin–Selberg L-functions. In this section, we review the p-adic L-functions of
Hida attached to families of motives of GL2×ResK/QGL1-type. Recall that Hp∞ denotes the ray class group
of K modulo p∞.
Definition 3.4.
i) We let Lp(f/K ⊗ χ,Σ
(1)
crit) ∈ ΛL(Hp∞) denote the branch of Hida’s p-adic L-function corresponding the ray
class character χ of conductor dividing f, which is characterised by the following interpolation property:
• If ψ ∈ Σ
(1)
crit is a p-crystalline Hecke character with infinity-type (ℓ1, ℓ2). Let ψp denote the p-adic
avatar of ψ. Then,
Lp(f/K ⊗ χ,Σ
(1)
crit)(ψp) =
E(f, χψ)
E(f)E∗(f)
×
ikf+1−ℓ1+ℓ2N1+ℓ1+ℓ2−kf ℓ1!ℓ2!
2ℓ1+ℓ2+kfπℓ1+ℓ2
×
L(f/K , χ
−1ψ−1, 1)
8π2〈f, f〉Nf
.
Here, E(f) = 1− βf/pαf , E
∗(f) = 1− βf/αf where {αf , βf} are the roots of the Hecke polynomial
at p with the ordinary p-stabilization fα and
E(f, χψ) =
∏
q∈{p,pc}
(
1− α−1f χψ(q)
) (
1− p−1βfχ
−1ψ−1(q)
)
.
• If ψ ∈ Σ
(1)
crit is a Hecke character with infinity-type (ℓ1, ℓ2) and the p-primary part of the conductor
of χψ is given by pm(pc)n with m+ n ≥ 1, then
Lp(f/K ⊗ χ,Σ
(1)
crit)(ψp) =
p(1+ℓ1)(m+n)τ(φ)
αm+nf E(f)E
∗(f)
×
ikf+1−ℓ1+ℓ2N1+ℓ1+ℓ2−kf ℓ1!ℓ2!
2ℓ1+ℓ2+kfπℓ1+ℓ2
×
DNp
(
f, θφ, 1 + ℓ1
)
8π2〈f, f〉Nf
.
Here,
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– φ = χ−1ψ−1| · |ℓ1 , so that the infinity type of φ is (0, ℓ1 − ℓ2) and L(f/K , χ
−1ψ−1, 1) =
L(f/K , φ, 1 + ℓ1);
– τ(φ) is given via the identity θφ
∣∣
1
(
−1
pm+n
)
= τ(φ)θφ
1;
– DNp is the Rankin–Selberg L-series with Euler factors dividing Np removed.
ii) For any torsion-free quotient Γ of ΓK, we write Lp(f/K ⊗ χ,Σ
(1)
crit)
∣∣
Γ
∈ ΛL(Γ) for the image of Hida’s
p-adic L-function Lp(f/K ⊗ χ,Σ
(1)
crit) under the canonical projection ΛL(ΓK)։ ΛL(Γ) .
iii) For χ as above, let us write Hχ ∈ ΛΦ(Γ
ac) for any generator of the CM congruence module of θχ (in the
sense of [Hid88a, HT91]). We let
Lp(f/K ⊗ χ,Σ
(2)
crit) ∈
1
Hχ
ΛΦ(Hp∞)
(where Φ = LQ̂urp ) denote the branch of Hida’s p-adic L-function corresponding to χ, which is characterised
by the following interpolation property: Suppose ψ is a p-crystalline Hecke character in Σ
(2)
crit with infinity-type
(ℓ1, ℓ2). Let ψp denote the p-adic avatar of ψ. Then,
Lp(f/K ⊗ χ,Σ
(2)
crit)(ψp) =
E(χψ, f)
E(χψ)E∗(χψ)
×
iℓ1−ℓ2−kf−1N1+ℓ1+ℓ2−kf ℓ1!(ℓ1 − kf − 1)!
23ℓ1−ℓ2−kf+1π2ℓ1−kf+1
×
L(f/K , χ
−1ψ−1, 1)
〈θφ, θφ〉Nθφ
where φ = χ−1ψ−1| · |ℓ1 as before and
E(χψ, f) =
(
1−
αf
pχψ(p)
)
·
(
1−
βf
pχψ(p)
)
·
(
1−
χψ(pc)
αf
)
·
(
1−
χψ(pc)
βf
)
;
E(χψ) =
(
1− p−1
χψ(pc)
χψ(p)
)
; E∗(χψ) =
(
1−
χψ(pc)
χψ(p)
)
.
iv) For each Γ ∈ Gr(ΓK), we let Lp(f/K⊗χ,Σ
(2)
crit)
∣∣
Γ
∈ 1HχΛΦ(Γ) denote the image of Hida’s p-adic L-function
Lp(f/K ⊗ χ,Σ
(2)
crit) under the map induced from the natural surjection Hp∞ ։ Γ.
v) Suppose χc = χ−1 and εf = 1. We define Lp(f/K ⊗ χ,Σ
(1)
cc ) ∈ ΛΦ(Gp∞) as the image of the twisted
p-adic L-function Tw
(
Lp(f/K ⊗ χ,Σ
(1)
crit)
)
under the natural map induced from Hp∞ ։ Gp∞ . We also put
Lp(f/K⊗χ,Σ
(1)
cc )|Γac ∈ ΛΦ(Γ
ac) for the image of Lp(f/K⊗χ,Σ
(1)
cc ) and similarly define Lp(f/K⊗χ,Σ
(2)
cc )|Γac ∈
1
Hχ
ΛΦ(Γ
ac). We note that the generator Hχ of Hida’s CM congruence ideal is a function on anticyclotomic
characters and its restriction to Γac is also denoted here by Hχ by slight abuse.
Remark 3.5. Note that we have
Tw
(
Lp(f/K ⊗ χ,Σ
(i)
crit)
)
(Ξ) = Lp(f/K ⊗ χ,Σ
(i)
crit)(Tw(Ξ))
for each character Ξ of Hp∞ . In particular, if ψp = ξpχ
−kf/2
cyc = Tw(ξp) is the Galois character associated
to the p-adic avatar of ψ ∈ Σ
(i)
cc with p-power conductor (so that ξp is Galois character associated to the
p-adic avatar of an anticyclotomic Hecke character ξ such that ψ = ξ| · |kf/2 = Tw(ξ); see the discussion in
Remark 2.7), we have
Lp(f/K ⊗ χ,Σ
(i)
cc )(ξp) =˙L(f/K , χ
−1ξ−1, kf/2 + 1) ,
where “=˙” stands for equality up to explicit factors. We remind the readers that when ψ ∈ Σ
(i)
cc (kf ), the value
L(f/K , χ
−1ξ−1, kf/2 + 1) = L(f/K , χ
−1ψ−1, 1) is the central critical value for the Rankin–Selberg motive in
consideration.
1If γ =
(
a b
c d
)
∈ GL+
2
(Q), the normalization of the slash operator on a weight ℓ modular form h is given by
(h|ℓγ)(z) = det(γ)
ℓ−1(cz + d)−ℓh(γz).
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Remark 3.6.
i) Suppose that ψ ∈ Σ
(i)
crit has p-power conductor and let χ be any ray class character whose conductor divides
f. In view of Remark 2.9, this is equivalent to the requirement that χ−1ψ−1| · |kf/2 belongs to the set Σ(i) in
[BL18]. Then the p-adic L-functions Lp(f/K ⊗χ,Σ
(i)
crit) (i = 1, 2) above are related to the p-adic L-functions
Lp(f/K,Σ
(i)) of [BL18] via the identity
Lp(f/K ⊗ χ,Σ
(i)
crit)(ψp) = Lp(f/K,Σ
(i))(χ−1ψ−1p χ
−kf/2
cyc )
where ψ ∈ Σ
(i)
crit.
ii) Both p-adic L-functions Lp(f/K ⊗ χ,Σ
(1)
crit) and Lp(f/K ⊗ χ,Σ
(2)
crit) were essentially constructed by Hida.
iii) As explained in the first paragraph of the proof of [BL18, Theorem 3.19], HχLp(f/K ⊗ χ,Σ
(2)
crit) is always
non-zero.
Similarly, if either kf > 0 or else kf = 0 and there is no prime v | f such that v
c | f, then it follows that
Lp(f/K ⊗ χ,Σ
(1)
crit) is non-trivial. Indeed, in the former scenario, one may choose ψ ∈ Σ
(1)
crit such that s = 0
falls within the region of absolute convergence for the L-series L(f/K , χψ, s). In the latter case, the asserted
non-triviality is a consequence of Rohrlich’s generic non-vanishing result in [Roh88] and the interpolation
formulae.
iv) There is a slight inaccuracy in the interpolation formula for Lp(f/K,Σ
(1)) given in [BL18, Theorem 2.1].
In Appendix C below, we present a corrigendum to §2.2 of op. cit.
4. Iwasawa theory for GL(2)×GL(1)/K : Prior work
4.1. Main Conjectures for f/K ⊗ χ. The following assertions are the Iwasawa Main Conjectures in the
present setting.
Conjecture 4.1. For any Γac 6= Γ ∈ Gr(ΓK),
i) ΛL(Γ) · Lp(f/K ⊗ χ,Σ
(1)
crit)
∣∣
Γ
= charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(1))
)
⊗Zp Qp ,
ii) ΛΦ(Γ) ·HχLp(f/K ⊗ χ,Σ
(2)
crit)
∣∣
Γ
= charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(2))
)
⊗O Φ .
When Γ = Γac, the following is the form of main conjectures we will study:
Conjecture 4.2. Suppose χ = χc and ǫf = 1.
i) ΛL(Γ
ac) · Lp(f/K ⊗ χ,Σ
(1)
cc )
∣∣
Γac
= charΛO(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗Zp Qp ,
ii) ΛΦ(Γ
ac) ·HχLp(f/K ⊗ χ,Σ
(2)
cc )
∣∣
Γac
= charΛO(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(2))
)
⊗O Φ .
We have the following “twisted” variant of Conjecture 4.1, which is more convenient when studying the
anticyclotomic Iwasawa main conjectures:
Conjecture 4.3.
i) ΛL(ΓK) · Tw
(
Lp(f/K ⊗ χ,Σ
(1)
crit)
) ∣∣
ΓK
= charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
⊗Zp Qp ,
ii) ΛΦ(ΓK) ·HχTw
(
Lp(f/K ⊗ χ,Σ
(2)
crit)
) ∣∣
ΓK
= charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(2))
)
⊗O Φ .
Remark 4.4.
a) Twisted versions (which are obtained via the twisting map Tw) of the containments
(4.1) ΛL(Γ) · Lp(f/K ⊗ χ,Σ
(1)
crit)
∣∣
Γ
⊂ charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(1))
)
⊗Zp Qp ,
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(4.2) ΛΦ(Γ) ·HχLp(f/K ⊗ χ,Σ
(2)
crit)
∣∣
Γ
⊂ charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(2))
)
⊗O Φ .
were essentially2 proved in [BL18, Theorem 3.19] under the following hypotheses:
(H.Im.) ρf (GK) contains a conjugate of SL2(Zp).
(H.SS.) The order of ray class field of K modulo f is prime to p.
(H.nEZ.) If kf ≡ 0 mod 2(p− 1), then vp(α− χ(p
c)) = 0.
(H.Dist.) vp(χ(p)− χ(p
c)) = 0.
Let us factor Nf = N
+
f N
−
f where N
+
f (resp., N
−
f ) is only divisible by primes that are split (resp., inert) in
K/Q. Suppose, in addition to the hypotheses listed above, that N− is square-free. In this setting and when
Γ = ΓK , the validity of Conjecture 4.1(i) is equivalent to the validity of Conjecture 4.1(ii); this is explained
in [BL18, Theorem 3.19(i)].
b) Let N+f and N
−
f be as in the previous paragraph. Suppose that
• N−f is square-free and is a product of odd number of primes;
• ρf is irreducible and ramified at all primes ℓ | N
−;
• kf ≡ 0 mod p− 1 and the nebentype character εf is trivial;
• f is p-distinguished.
Then main results of [SU14] show that Conjecture 4.1(i) holds true with Γ = ΓK and χ = 1.
c) Assume that Nf is square-free, that there exists a prime q | N
−
f such that ρf is ramified at q, as well as
that the following condition holds:
(wt-2) kf ≡ 0 mod p − 1 and the Up-eigenvalue on the unique crystalline weight-2 specialization of the
unique Hida family through fα is not ±1.
In this scenario, Wan in [Wan20] proved the containment
ΛΦ(ΓK) ·HχLp(f/K ,Σ
(2)
crit) ⊃ charΛO(Γ)
(
H˜2f (GK,Σ,Tf,1; ∆
(2))
)
⊗O Φ .
4.2. Main conjectures for f/K ⊗ χ as f varies. Let us now consider the branch f of a primitive Hida
family of tame conductor Nf , which admits f
α as a weight kf + 2 crystalline specialization. We let Λf
denote the corresponding branch of the Hida’s universal ordinary Hecke algebra. When ρf is absolutely
irreducible, there exists a free Λf-module R
∗
f
of rank two, which is equipped with a continuous action of GQ
unramified outside primes dividing pNf and which interpolates Deligne’s representations R
∗
f(κ) associated to
arithmetic specializations f(κ) of the Hida family. If we assume in addition that f is p-distinguished, then
the GQp -representation R
∗
f
admits a GQp -stable direct summand F
+R∗
f
of rank one.
In this set up, for each Γ ∈ Gr(ΓK), Definition 3.1 applies with R = Λf ⊗̂Λ(Γ) =: Λf(Γ) and X = T
(Γ)
f,χ
given as in Definition 1.8 to obtain the following Greenberg Selmer complexes.
Definition 4.5.
i) Let Σ denote the places of K given as in the statement of Definition 3.2, we have the Greenberg Selmer
complexes in the derived category of continuous Λf(Γ)-modules
R˜Γf(GK,Σ,T
(Γ)
f,χ ; ∆
(i))
for each i = 1, 2, which are defined in a manner identical to Definition 3.2.
ii) As before, we shall denote by H˜•f (GK,Σ,T
(Γ)
f,χ ; ∆
(i)) the cohomology of the Greenberg Selmer complex.
2The results in op. cit. are stated in the case when Γ = ΓK . However, the techniques therein also prove the stated
containments above without any additional difficulties.
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We remark that the derived complex R˜Γf(GK,Σ,T
(Γ)
f,χ ; ∆
(i)) can be represented by a perfect complex with
degrees concentrated in the range [0, 3].
Definition 4.6.
i) Let us denote by Scrys
f
the collection of arithmetic specializations κ : Λf → L which are crystalline (in the
sense that the eigenform f(κ) is p-old).
ii) Suppose κ ∈ Scrys
f
. Let us denote by Σ
(1)
crit(κ) the set of Hecke characters of p-power conductor and infinity
type (ℓ1, ℓ2) with 0 ≤ ℓ1, ℓ2 ≤ w(κ), where w(κ)+2 is the weight of the classical eigenform f(κ). Similarly, we
write Σ
(2)
crit(κ) for the set of Hecke characters of p-power conductor and infinity type (ℓ1, ℓ2) with ℓ1 ≥ w(κ)+1
and ℓ2 ≤ −1.
The following is a reformulation of the main theorem of [Hid88b].
Theorem 4.7 (Hida). Let Hf ∈ Λf denote a generator of Hida’s congruence ideal, given as in [Hid88b, §4].
There exist a pair of p-adic L-functions
Lp(f/K ⊗ χ,Σ
(1)) ∈
1
Hf
Λf ⊗̂ZpΛL(Hp∞)
Lp(f/K ⊗ χ,Σ
(2)) ∈
1
Hχ
Λf ⊗̂ZpΛΦ(Hp∞)
which are characterised by the interpolative properties
Lp(f/K ⊗ χ,Σ
(1))(κ) = Lp(f(κ)/K ⊗ χ,Σ
(1)
crit(κ))
Lp(f/K ⊗ χ,Σ
(2))(κ) = Lp(f(κ)/K ⊗ χ,Σ
(2)
crit(κ))
where κ runs through the set Scrys
f
.
We remark that the expression Lp(f/K ⊗ χ,Σ
(1))(κ) makes sense when κ ∈ Scrys
f
since the meromorphic
function Lp(f/K ⊗ χ,Σ
(1)) is regular at each arithmetic prime thanks to [Hid88b, Theorem 4.2].
Until the end of Section 4, we shall assume that Λf is a Krull domain (which one can always achieve by
passing to a normalization of Λf if necessary – see [AK11] for the effect of this alteration); then Λf(Γ) :=
Λf ⊗̂ΛO(Γ) is also a Krull domain for all Γ ∈ Gr(ΓK). This allows us to define the characteristic ideals of the
Selmer groups we have introduced above, following [SU14, §3.1.5]. If in addition Λf is regular (so that Λf(Γ)
is a unique factorization domain; we note that Λf(Γ) needs not be a unique factorisation domain assuming
only that Λf is) and M is a torsion Λf(Γ)-module, then we have
(4.3) charΛf(Γ)(M) =
∏
P
P lengthΛf(Γ)P (MP )
for its characteristic ideal, where the product is over all all height-one primes of Λf(Γ).
The Iwasawa Main Conjectures in this set up reads:
Conjecture 4.8. For any Γac 6= Γ ∈ Gr(ΓK) we have:
i)
(
Λf(Γ)⊗Zp Qp
)
·Hf Lp(f/K ⊗ χ,Σ
(1))
∣∣
Γ
= charΛf(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ ; ∆
(1))
)
⊗Zp Qp .
ii) (Λf(Γ)⊗O Φ) ·HχLp(f/K ⊗ χ,Σ
(2))
∣∣
Γ
= charΛf(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ ; ∆
(2))
)
⊗O Φ .
When Γ = Γac, we will need to work with twisted variants of these p-adic L-functions. Recall the universal
weight character κ : GQ −→ Λ
×
f
and its fixed square-root κ
1
2 .
Definition 4.9.
i) We let Twf : Λf ⊗̂ZpΛ(Hp∞) −→ Λf ⊗̂ZpΛ(Hp∞) denote the Λf-linear morphism induced by γ 7→ κ
− 12 (γ)γ
for each γ ∈ Hp∞ .
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ii) Suppose χ = χc and ǫf = 1. We set
Lp(f/K ⊗ χ,Σ
(1)
cc )
∣∣
Γac
:= Twf
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
Γac
∈
1
Hf
Λf(Γ
ac)⊗Zp Qp,
Lp(f/K ⊗ χ,Σ
(2)
cc )
∣∣
Γac
:= Twf
(
Lp(f/K ⊗ χ,Σ
(2))
) ∣∣
Γac
∈
1
Hχ
Λf(Γ
ac)⊗O Φ .
The following is the form of anticyclotomic main conjectures we will study.
Conjecture 4.10. Suppose χ = χc and ǫf = 1.
i)
(
Λf(Γ
ac)⊗Zp Qp
)
·HfLp(f/K ⊗ χ,Σ
(1)
cc )
∣∣
Γac
= charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗Zp Qp ,
ii) (Λf(Γ
ac)⊗O Φ) ·HχLp(f/K ⊗ χ,Σ
(2)
cc )
∣∣
Γac
= charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(2))
)
⊗O Φ .
We have the following “twisted” variant of Conjecture 4.8, which is more convenient when studying the
anticyclotomic Iwasawa main conjectures.
Conjecture 4.11.
i)
(
Λf(Γ)⊗Zp Qp
)
·Hf Twf
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
ΓK
= charΛf(Γ)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
⊗Zp Qp .
ii) (Λf(Γ)⊗O Φ) ·HχTwf
(
Lp(f/K ⊗ χ,Σ
(2))
) ∣∣
ΓK
= charΛf(Γ)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(2))
)
⊗O Φ .
Proposition 4.12. Suppose that ρf is irreducible. Then Conjecture 4.8(i) (resp., Conjecture 4.11(i)) is
equivalent to Conjecture 4.8(ii) (resp., Conjecture 4.11(ii)) for Γ = ΓK .
Proof. When χ = 1, this is the statement of [CW20, Theorem 3.7]. The proof in op. cit. works for more
general choice of ray class characters. 
Remark 4.13. Theorem 3.19(i) of [BL18] shows that the specializations of Conjecture 4.11(i) and Conjec-
ture 4.11(ii) to an L-valued specialization κ ∈ Scrys
f
with Γ = ΓK
(4.4) ΛL(ΓK) ·Hf(κ)Twf(κ)
(
Lp(f/K ⊗ χ,Σ
(1)
crit(κ)
)
|ΓK = charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f(κ),χ; ∆
(1))
)
⊗Zp Qp
(4.5) ΛΦ(ΓK) ·HχTwf(κ)
(
Lp(f(κ)/K ⊗ χ,Σ
(2)
crit(κ))
)
= charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f(κ),χ; ∆
(2))
)
⊗O Φ
are equivalent. This equivalence heavily relies on the non-triviality of a certain Beilinson–Flach element,
interpolated along ΓK . One is tempted to deduce Proposition 4.12 from the equivalence of the assertions
(4.4) and (4.5), by the density of Scrys
f
in the weight space. That doesn’t seem to work; one instead needs to
dwell further on the interpolation of Beilinson–Flach elements along f.
Theorem 4.14 (Skinner–Urban,Wan, Castella–Wan). Let us write Nf = N
+
f N
−
f as in Remark 4.4.
i) Suppose that
(SU1) the residual representation ρ
f
is irreducible and p-distinguished;
(SU2) N−f is a product of odd number of primes;
(SU3) ρf is ramified at all primes dividing N
−
f ;
(SU4) εf = 1.
Then Conjecture 4.8 holds when χ = 1 and Γ = ΓK .
ii) Suppose that
(CW1) Λf is regular;
(CW2) ρf is irreducible and p-distinguished;
(CW3) Nf is square-free and N
−
f is a product of positive even number of primes;
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(CW4) ρf is ramified at all primes dividing N
−
f ,
(CW5) εf = 1, kf ≡ 0 mod p− 1 and ap(f) 6≡ ±1 mod p.
Then Conjecture 4.11 (resp., Conjecture 4.10) holds when χ = 1 and Γ = ΓK (resp., when Γ = Γ
ac).
Proof. The first part is [SU14, Theorem 3.26] and second part is [CW20, Corollary 5.6], combined with
Proposition 4.12. 
Remark 4.15. Notice that if εf = 1 and kf ≡ 0 mod p− 1 as required in the hypothesis (CW5), it follows
that f has a weight-2 specialization f(2) which is p-old with trivial nebentype. Conversely, suppose f is a Hida
family with which admits a weight-2 specialization f(2) which is p-old with trivial nebentype. If f it admits
a p-old specialization in weight kf + 2, then kf ≡ 0 mod p− 1. In this, the corresponding specialization in
weight kf + 2 has trivial nebentype.
5. Horizontal Euler system argument and results
5.1. Bloch–Kato Conjectures. Let us set X◦f,χψ = IndK/QTf,χψ and Xf,χψ := X
◦
f,χψ ⊗ Qp. We shall also
put Wf,χψ := X
◦
f,χψ ⊗Qp/Zp and W
∗
f,χψ(1) := Hom(X
◦
f,χψ, µp∞). Finally, we define the GK -representations
Af,χψ := Tf,χψ ⊗ Qp/Zp and A
∗
f,χψ(1) := Hom(Tf,χψ , µp∞).
Definition 5.1.
i) We let Σ denote the set of places of K which divide pfNf∞. For each integer m coprime to pfNf , let us
write Σm for the set of places of KQ(m) that lie above Σ. We define ΣQ to be the set of places of Q that lie
below those in K and with a slight abuse of notation, we also write Σm for the set of places of Q(m) that lie
above the primes of ΣQ.
ii) Let ψ ∈ Σcrit be a critical Hecke character for the eigenform f in the sense of Definition 2.1 and let
θχψ denote the eigenform defined as in Definition 2.10(ii). The eigenform θχψ is p-ordinary and αχψ =
χ−1ψ0(p
c), where ψ0 is given as in Definition 2.10(i).
iii) For each ψ ∈ Σcrit, we let
BFf⊗χψαf ,αχψ(m) ∈ H
1(GQ(m),Σm , X
◦
f,χψ) = H
1(GKQ(m),Σm , Tf,χψ)
denote the image of BFf
α,χ
m under the natural morphism induced by the map X
◦
f,χ ⊗Zp Λ(ΓK)
♯ → X◦f,χψ.
When m = 1, we set
BFf⊗χψαf ,αχψ := BF
f⊗χψ
αf ,αχψ(1) ∈ H
1(GQ,Σ, X
◦
f,χψ) = H
1(GK,Σ, Tf,χψ).
Definition 5.2.
i) We define the Selmer structures FBK(1) and FBK(2) on Tf,χψ with the local conditions
H1F
BK(i)
(Kv, Tf,χψ) = ker
(
H1(Kv, Tf,χψ) −→ H
1(Kurv , Tf,χψ ⊗ Qp)
)
, if v ∤ p∞
for i = 1, 2 and
H1F
BK(1)
(Kv, Tf,χψ) = im
(
H1(Kv, F
+R∗f ⊗ χψ)
j+v−→ H1(Kv, Tf,χψ)
)
, if v | p ,
H1F
BK(2)
(Kp, Tf,χψ) = H
1(Kp, Tf,χψ) , H
1
F
BK(2)
(Kpc , Tf,χψ) = 0 ,
H1F+(Kp, Tf,χψ) = H
1(Kp, Tf,χψ) , H
1
F+(Kpc , Tf,χψ) = H
1
F
BK(1)
(Kpc , Tf,χψ) .
The dual Selmer structure on A∗f,χψ(1) induced by local Tate duality will be denoted by F
∗
BK(i)
(i=1,2).
We shall write H1F
BK(i)
(K,Tf,χψ) and H
1
F∗
BK(i)
(K,A∗f,χψ(1)) for the associated Selmer groups for i = 1, 2.
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ii) We similarly define the Selmer structures FBK(1) , FBK(2) and F+ on X
◦
f,χψ with the local conditions
H1F
BK(i)
(Q(m)v , X
◦
f,χψ) = H
1
F+(Q(m)v, X
◦
f,χψ) = ker
(
H1(Q(m)v , X
◦
f,χψ) −→ H
1(Q(m)urv , Xf,χψ)
)
, if v ∤ p∞
for i = 1, 2 and if v | p,
H1F
BK(1)
(Q(m)v, X
◦
f,χψ) = im
(
H1(Q(m)v, F
+R∗f ⊗ IndK/Qχψ)
j+v−→ H1(Q(m)v , X
◦
f,χψ)
)
,
H1F
BK(2)
(Q(m)v, X
◦
f,χψ) = im
(
H1(Q(m)v, R
∗
f ⊗ χψ)
j+v−→ H1(Q(m)v , X
◦
f,χψ)
)
,
H1F+(Q(m)v, X
◦
f,χψ) = H
1
F
BK(1)
(Q(m)v, X
◦
f,χψ) +H
1
F
BK(2)
(Q(m)v, X
◦
f,χψ).
The dual Selmer structure on W ∗f,χψ(1) induced by local Tate duality will be denoted by F
∗
+ (respectively,
F∗
BK(1)
and F∗
BK(2)
). We shall write H1F?(Q(m), X
◦
f,χψ) and H
1
F∗?
(Q(m),W ∗f,χψ(1)) for the associated Selmer
groups for ? = +,BK(1),BK(2).
iii) For i = 1, 2, let us put H1F+/(i)(Qp, X
◦
f,χψ) := H
1
F+
(Qp, X
◦
f,χψ)/H
1
F
BK(i)
(Qp, X
◦
f,χψ) and define res
+/(i)
p as
the composite map
H1F+(Q, X
◦
f,χψ)
resp
−→ H1F+(Qp, X
◦
f,χψ) −→ H
1
F+/(i)
(Qp, X
◦
f,χψ) .
Let us write res
(1)
p for the compositum of the arrows
H1F+(Q, X
◦
f,χψ)
res+/(1)p
−→ H1F+/(1)(Qp, X
◦
f,χψ) →֒ H
1(Qp, F
−R∗f (χψ)) ,
and similarly define res
(2)
p as the composite map
H1F+(Q, X
◦
f,χψ)
res+/(2)p
−→ H1F+/(2)(Qp, X
◦
f,χψ) →֒ H
1(Qp, F
+R∗f (χψ
c)) .
Note that the Definition 5.2 crucially relies on the fact that p splits in K/Q.
Remark 5.3.
i) Let us consider the local conditions ∆(i) (i=1,2) on X◦f,χψ, which are given by unramified conditions for all
primes in Σm that are coprime to p and by the Greenberg conditions with the choices of GQp -morphisms
j+q : F
+R∗f ⊗ IndK/Qχψ −→ X
◦
f,χψ (i = 1)
j+q : R
∗
f ⊗ χψ −→ X
◦
f,χψ (i = 2)
for primes q ∈ Σm lying above p. Shapiro’s Lemma then induces isomorphisms
S : R˜Γf(GKQ(m),Σm , Tf,χψ; ∆
(i))
∼
−→ R˜Γf(GQ(m),Σm , X
◦
f,χψ ; ∆
(i)) .
Similarly, we have a canonical isomorphism
(5.1) S : H1F+(K,Tf,χψ)
∼
−→ H1F+(Q, X
◦
f,χψ)
as well as commutative diagrams
H1F+(K,Tf,χψ)
(5.1)

res
(1)
p
// H1(Kp, F
−R∗f (χψ))

H1F+(Q, X
◦
f,χψ)
res(1)p
// H1(Qp, F
−R∗f (χψ)),
20
H1F+(K,Tf,χψ)
(5.1)

res
(2)
pc
// H1(Kpc , F
−R∗f (χψ))

H1F+(Q, X
◦
f,χψ)
res(2)p
// H1(Qp, F
+R∗f (χψ
c)) .
where res
(1)
p and res
(2)
pc are defined in the obvious manner.
ii) Let us put
(5.2) A1 :=
(
F−Rf ⊗ IndK/Qχ
−1ψ−1
)
⊗ µp∞
(5.3) A2 :=
(
Rf ⊗ (χ
cψc)−1
)
⊗ µp∞ .
By [Nek06, Lemma 9.6.3], we have the exact sequences
(5.4) 0→ H0(Qp,A1) −→ H˜
1
f (GQ,Σ,W
∗
f,χψ(1);∆
(1),⊥) −→ H1F
sBK(1)
(Q,W ∗f,χψ(1))→ 0 .
(5.5) 0→ H0(Qp,A2) −→ H˜
1
f (GQ,Σ,W
∗
f,χψ(1);∆
(2),⊥) −→ H1F
sBK(2)
(Q,W ∗f,χψ(1))→ 0 .
Definition 5.4. For each i ∈ {1, 2}, we define strict Bloch-Kato Selmer structure FsBK(i) on Tf,χψ by
replacing the local conditions at v | fNf determined by FBK(i) with the local conditions
H1F
sBK(i)
(Kv, Tf,χψ) = ker
(
H1(Kv, Tf,χψ) −→ H
1(Kurv , Tf,χψ)
)
.
We similarly define a pair of Selmer structures FsBK(i) on X
◦
f,χψ (i = 1, 2). The dual Selmer structures
F∗
sBK(i)
on A∗f,χψ(1) and W
∗
f,χψ(1) are defined as above.
Note that these Selmer groups are called strict Greenberg Selmer groups in [Nek06].
Remark 5.5. We have the following long exact sequence comparing the Bloch-Kato Selmer groups and their
strict variants:
0→ H1F
sBK(i)
(K,Tf,χψ)→ H
1
F
sBK(i)
(K,Tf,χψ)→H
0(Err)
→ H1F∗
sBK(i)
(K,A∗f,χψ(1))
∨ → H1F∗
BK(i)
(K,A∗f,χψ(1))
∨ → 0 .(5.6)
Here, Err is the complex defined in [Nek06, (6.2.3)] and by the discussion in (7.6.9) in op. cit., it is quasi-
isomorphic to the complex
⊕
v|fNf
Errv, where
Errv = Errv(Tf,χψ) := Cone
(
Zv
Frobv−1−→ Zv
)
[−1]
with
Zv = coker
(
V Ivf,χψ/T
Iv
f,χψ −→ A
Iv
f,χψ
)
.
Note then that
H0(Errv)
∼
−→ H1(Iv, Tf,χψ)
Frobv=1
tor
H1(Errv)
∼
−→ H1(Gv/Iv, A
Iv
f,χψ/div)
and hence the quantities
|H0(Errv)| = |H
1(Iv, Tf,χψ)
Frobv=1
tor | = |H
1(Gv/Iv, A
Iv
f,χψ/div)| = H
1(Errv)
= |H1(Iv , T
∗
f,χψ(1))tor| = |H
0(Errv(T
∗
f,χψ(1)))|(5.7)
all agree with the p-part of the v-local Tamagawa factor for Tf,χψ (and T
∗
f,χψ(1)) introduced by Fontaine and
Perrin-Riou.
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Definition 5.6. By Nekovář’s global duality [Nek06, (6.3.5)] and thanks to our assumption that Rf is
residually irreducible, we have an exact sequence
0→ H0(Err(A∗f,χψ(1)))→ H˜
1
f (GK,Σ, A
∗
f,χψ(1);∆
(i),⊥)→ H˜2f (GK,Σ, Tf,χψ; ∆
(i))∨ →
H1(Err(A∗f,χψ(1)))→ H˜
2
f (GK,Σ, A
∗
f,χψ(1);∆
(i),⊥) .
Let us set
E1(f, χψ) :=
∣∣∣im(H1(Err(A∗f,χψ(1)))→ H˜2f (GK,Σ, A∗f,χ(1);∆(i),⊥))∣∣∣ .
We also put
E2(f, χψ) := |im(H
0(Err(Tf,χψ))→ H
1
F∗
sBK(i)
(K,A∗f,χψ(1))
∨|
Tam(f, χψ) :=
E1(f, χψ)
E2(f, χψ)
.
Lemma 5.7. For each i ∈ {1, 2} we have
ordp
(
|H˜2f (GK,Σ, Tf,χ; ∆
(i))|
|H0(Qp,Ai)| · Tam(f, χψ)
)
= ordp
∣∣∣H1F∗
BK(i)
(K,A∗f,χψ(1))
∣∣∣ .
which, in the scenario when either side equals infinity, reduces to the assertion that the other side is also
infinity.
Proof. It follows from the long exact sequence (5.7) that
|H˜2f (GK,Σ, Tf,χ; ∆
(i))| = |H˜1f (GK,Σ, A
∗
f,χ(1);∆
(i),⊥)|/E1(f, χψ) .(5.8)
Moreover, the exact sequence (5.6) yields
|H1F∗
BK(i)
(K,A∗f,χψ(1))| = |H
1
F∗
sBK(i)
(K,A∗f,χψ(1))
∨|/E2(f, χψ) .(5.9)
The asserted identity in the lemma follows on combining (5.4), (5.5), (5.8) and (5.9). 
Lemma 5.8. Given an cuspidal eigenform f and a ray class character χ of K, we have
ordp
(
|H0(Qp,Ai)| · Tam(f, χψ)
)
= 0
for all but finitely many choices of p-crystalline Hecke characters ψ ∈ Σcrit.
Proof. It suffices to prove that
ordp
(
|H0(Qp,Ai)|
)
= 0
for all but finitely many conductor-one Hecke character ψ ∈ Σcrit and that
ordp (Tam(f, χψ)) = 0
for all but finitely many conductor-one Hecke character ψ ∈ Σcrit.
The first condition allows only finitely many infinity-types for ψ, and in turn (given our assumption on
the conductor of ψ) only finitely many choices for ψ. The second assertion follows from [Nek06, (7.6.10.10)]
applied with T = Tf,χψ ⊗Zp Λ(ΓK). 
Theorem 5.9. Suppose that the hypothesis Hyp(Xf,χψ , a, b) holds true for some natural numbers a, b.
i) Suppose that ψ ∈ Σ
(1)
crit is a p-crystalline character with infinity type (ℓ1, ℓ2). We then have
ordp
(
|H˜2f (GK,Σ, Tf,χψ; ∆
(1))|
|H0(Qp,A1)| · Tam(f, χψ)
)
≤
[
H1(Kp, F
−R∗f (χψ)) : O · res
(1)
p
(
BFf⊗χψαf ,αχψ
)]
+ t .
for some constant t that depends only on a, b and the residual representation Xf,χψ. Moreover, one may
take t = 0 if a = b = 0.
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ii) Suppose that ψ ∈ Σ
(2)
crit is p-crystalline. We then have
ordp
(
|H˜2f (GK,Σ, Tf,χψ; ∆
(2))|
|H0(Qp,A2)| · Tam(f, χψ)
)
≤
[
H1(Kpc , F
+R∗f (χψ)) : O · res
(2)
pc
(
BFf⊗χψαf ,αχψ
)]
+ t .
for some constant t that depends only on a, b and the residual representation Xf,χψ. Moreover, one may
take t = 0 if a = b = 0.
Proposition 5.10. For every positive integer m coprime to pfNf , we have
BFf⊗χψαf ,αχψ(m) ∈ H
1
F+(Q(m), X
◦
f,χψ) .
Proof. It is proved in [LZ16, Theorem 7.1.2] that the image of BFf⊗χψαf ,αχψ (m) in
H1
(
Q(m)p,
(
R∗f/F
+R∗f
)
⊗
((
IndK/Qχψ
)
/χψ
))
,
(where we have abusively denoted by χψ the one-dimensional GK -representation given by the character χψ)
is zero. Thence, the element BFf⊗χψαf ,αχψ(m) falls inside H
1
F+
(Q(m), X◦f,χψ) as required. 
Proof of Theorem 5.9. Let us put BF := {BFf⊗χψαf ,αχψ(m)}m. In view of Proposition 5.10, the collection BF
is an F+-locally restricted Euler system (in the sense of Definition A.3). It follows from Theorem A.9(ii)
combined with Remark A.4 that
ordp|H
1
F∗+
(Q,W ∗f,χψ(1))| ≤ ordp
[
H1F+(Q, X
◦
f,χψ) : O · BF
f⊗χψ
αf ,αχψ
]
+ t
(where the index on the right is allowed to be +∞, in which we observe the convention that ordp∞ = ∞)
for some natural number t that depends only on a, b and the residual representation Xf,χψ .
We then have for i = 1, 2
(5.10) ordp
∣∣∣H1F∗
BK(i)
(Q,W ∗f,χψ(1))
∣∣∣ ≤ [H1F+/(i)(Qp, X◦f,χψ) : O · res+/(i)p (BFf⊗χψαf ,αχψ)]+ t ,
by Poitou-Tate global duality. Part (i) (respectively, (ii)) now follows from Lemma 5.7 and the definition of
the map res
(1)
p (respectively, res
(2)
p ). 
Theorem 5.11. Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a ray class character of
K. Let ψ ∈ Σ
(i)
crit be an algebraic Hecke character of p-power conductor, which is critical for the eigenform f .
Suppose that ρf is absolutely irreducible and either χ 6= χ
c or ψ 6= ψc and assume the validity of the condition
τ(f, ψ). If L(fK ⊗ χ
−1ψ−1, 0) 6= 0, then the Selmer group H˜2f (GK,Σ, Tf,χψ; ∆
(i)) has finite cardinality.
Proof. Under the running hypotheses, Hyp(Xf,χψ) holds true and therefore, Theorem A.9(i) applies with
X = Xf,χψ , F = F+ and c = BF as in the proof of Theorem 5.9 to show that the dual Selmer group
H1F∗
BK(i)
(Q,W ∗f,χψ(1)) has finite cardinality if res
+/(i)
p
(
BFf⊗χψαf ,αχψ
)
is non-torsion. In that case, it follows from
the proof of Lemma 5.7 that H˜2f (GK,Σ, Tf,χψ; ∆
(i)) has finite cardinality.
If L(fK ⊗ χ
−1ψ−1, 0) 6= 0, it follows from [KLZ16, Theorem 10.2.2] (reciprocity laws for Beilinson–Flach
elements) and Definition 3.4 (interpolation formula for Hida’s p-adic L-function) that res
+/(i)
p
(
BFf⊗χψαf ,αχψ
)
is non-torsion. Note that the interpolation factors in Definition 3.4 do not vanish when ψ ∈ Σ
(i)
crit, since in
that case the weight of θχψ is never equal to kf + 2. 
Remark 5.12. One expects that depending on the global root number for fK ⊗ χ, either for all but finitely
many ψ ∈ Σ
(1)
crit, or else all but finitely many ψ ∈ Σ
(2)
crit, we have L(fK ⊗ χ
−1ψ−1, 0) 6= 0.
23
5.2. Iwasawa Theory. Let us fix a cuspidal eigen-newform f ∈ Skf+2(Γ1(Nf ), ǫf ) (with kf > 0) without
CM and let f denote the unique branch of the Hida family of tame level Nf that admits f
α as a specialization
at weight kf + 2. As above, we have also fixed a ray class character χ of the imaginary quadratic field K
with conductor f and such that χc 6= χ, where Nf, Nf and p are pairwise coprime. We assume that p = pp
c
splits in K/Q and that |DK | is coprime to Nf .
Definition 5.13. Let a ∈ Z≥0 be the least non-negative integer with χ
c 6≡ χ mod ma+1O . For each i = 1, 2,
we define a subset S
(i)
f (a, b) of the space Sp(Λ(ΓK))(O) on setting
S
(i)
f (a, b) := {ψ ∈ Σ
(2)
crit is O-valued with conductor 1 : Hyp(Xf,χψ, a, b) holds true}.
We similarly define a subset S(i)(a, b) of the space Sp(Λwt ⊗̂Λ(ΓK))(O) on setting
S(i)(a, b) := {(κ, ψ) : ψ ∈ Σ
(i)
crit(κ) with conductor 1 and Hyp(Xf(κ),χψ, a, b) holds true}.
Theorem 5.14.
i) Suppose that ρf |GK is absolutely irreducible and p-distinguished, as well as that the hypothesis τ(f,ΓK)
holds true. Then the set S
(2)
f (a, 0) is dense in Sp(Λ(ΓK))(O).
ii) Suppose that ρ
f
|GK is absolutely irreducible and p-distinguished, as well as that the hypothesis τ(f,ΓK)
holds true. Then the set S(i)(a, 0) is dense in Sp(Λwt ⊗̂Λ(ΓK))(O).
The conclusions of this theorem hold with a = 0 if χc 6≡ χ mod m.
Proof. We only provide the proof of (ii) as the proof of (i) is very similar. We will also prove only that
S(2)(a, 0) is dense in Sp(Λwt ⊗̂Λ(ΓK))(O) since a small alteration to the argument below allows one to
handle the remaining case as well.
As explained in Proposition A.21, Hyp(Xf(κ),χψ, a, 0)(iii) always holds true. Moreover, the hypothesis
Hyp(Xf(κ),χψ , a, 0)(v) holds true for all ψ ∈ Z
(2)
f(κ), where we use the notation of Section 1.2. It also follows
from Proposition A.21 that Hyp(Xf(κ),χψ, a, 0)(i) and Hyp(Xf(κ),χψ, a, 0)(iv) hold true for all p-crystalline
ψ ∈ Σ
(2)
crit(κ) since χψ 6≡ χ
cψc mod ma+1. The set of ψ satisfying required conditions is therefore dense in
Sp(Λwt ⊗̂Λ(ΓK)) since we assumed τ(f,ΓK). 
Theorem 5.15. Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a ray class character
of K. Let f be the unique branch of the Hida family that admits f as a specialization in weight kf + 2.
Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) Assume in addition that one of the following holds true:
(1) χc = χ,
(2) χc 6= χ and the hypothesis τ(f,ΓK) holds true.
Then all four ΛO(ΓK)-modules H˜
1
f (GK,Σ,Tf,χ; ∆
(i)) and H˜2f (GK,Σ,Tf,χ; ∆
(i)) (i = 1, 2) are torsion.
ii) Assume that one of the following holds true:
(1) χc = χ,
(2) χc 6= χ and the hypothesis τ(f,ΓK) holds true.
Then all four Λf(ΓK)-modules H˜
1
f (GK,Σ,Tf,χ; ∆
(1)) and H˜2f (GK,Σ,Tf,χ; ∆
(i)) (i = 1, 2) are torsion.
Proof. The proof of [CW20, Theorem 3.7] applies to prove that the ΛO(ΓK)-module H˜
2
f (GK,Σ,Tf,χ; ∆
(1)) is
torsion if and only if the ΛO(ΓK)-module H˜
2
f (GK,Σ,Tf,χ; ∆
(2)) is.
Similarly, the Λf(ΓK)-module H˜
2
f (GK,Σ,Tf,χ; ∆
(1)) is torsion if and only if H˜2f (GK,Σ,Tf,χ; ∆
(2)) is.
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Moreover, it follows from global Euler–Poincaré characteristic formulae that H˜2f (GK,Σ,Tf,χ; ∆
(i)) (resp.,
H˜2f (GK,Σ,Tf,χ; ∆
(i))) is torsion if and only if H˜1f (GK,Σ,Tf,χ; ∆
(i)) (resp., H˜1f (GK,Σ,Tf,χ; ∆
(i))) is.
i) If χ = χc, so that χ is a character of GQ, the result follows as a consequence of the well-known results of
Kato and Rohrlich.
Suppose now χ 6= χc and the hypothesis τ(f,ΓK) holds true. One may choose p-crystalline ψ ∈ Σ
(2)
crit with
the property that the Euler product that defines the Rankin–Selberg L-series L(f/K⊗χ
−1ψ−1, s) absolutely
converges at s = 0, and therefore L(f/K ⊗χ
−1ψ−1, 0) 6= 0 (a sufficient condition is that if (ℓ1, ℓ2) is infinity-
type of ψ, then ℓ = |ℓ1 − ℓ2| ≥ kf + 2 and ℓ0 = min(ℓ1, ℓ2) < −(kf + ℓ)/2). It follows from Theorem 5.11
that the Selmer group H˜2f (GK,Σ, Tf,χψ; ∆
(2)) has finite cardinality. It follows from the control theorem for
Selmer complexes that H˜2f (GK,Σ,Tf,χ; ∆
(2)) (and by the discussion above, also H˜2f (GK,Σ,Tf,χ; ∆
(1)) as well
as H˜1f (GK,Σ,Tf,χ; ∆
(i)) for i = 1, 2) is torsion.
ii) Under the running hypotheses, there exists a crystalline specialization f(κ) of the Hida family f so that
Part (i) applies with f = f(κ). The required conclusions follow again from control theorems for Selmer
complexes. 
Remark 5.16. Under the hypotheses of Theorem 5.15, the argument in the proof of Theorem 5.15 may be
altered slightly to prove the following twisted versions of the assertions therein: For i = 1, 2,
(5.11) ΛO(ΓK)-modules H˜
1
f (GK,Σ,T
†
f,χ; ∆
(i)) and H˜2f (GK,Σ,T
†
f,χ; ∆
(i)) are torsion ;
(5.12) Λf(ΓK)-modules H˜
1
f (GK,Σ,T
†
f,χ; ∆
(i)) and H˜2f (GK,Σ,T
†
f,χ; ∆
(i)) are torsion.
Definition 5.17. Let f be a branch of the Hida family with tame level Nf and let χ be a ray class character
of K. We let res
(1)
p denote the compositum of the arrows
H1(GK,Σ,Tf,χ)
resp
−→ H1(Kp,Tf,χ) −→ H
1(Kp, F
−R∗f (χ)⊗ Λ(ΓK)
♯)
and res
(2)
p denote the compositum
H1(GK,Σ,Tf,χ)
respc
−→ H1(Kpc ,Tf,χ) −→ H
1(Kpc , F
+R∗
f
(χ)⊗ Λ(ΓK)
♯) .
Proposition 5.18. Let χ be a ray class character of conductor f.
i) Let f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigenform such that Nf |DK | and pNf are coprime. Then,
charΛO(ΓK)
(
H1(Kp, F
−R∗f (χ)⊗Zp Λ(ΓK)
♯)
/
ΛO(ΓK) · res
(1)
p (BFf,χ)
)
= HfLp(f/K ⊗ χ,Σ1) ,
where Hf is the specialization of Hida’s congruence ideal Hf to weight f
α and
charΛO(ΓK)
(
H1(Kpc , F
+R∗f (χ)⊗Zp Λ(ΓK)
♯)
/
ΛO(ΓK) · respc (BFf,χ)
)
= HχLp(f/K ⊗ χ,Σ2) .
ii) Let f be a branch of the Hida family with tame level Nf . Suppose that Λf is a Krull domain. Then,
charΛf(ΓK)
(
H1(Kp, F
−R∗
f
(χ)⊗Zp Λ(ΓK)
♯)
/
Λf(ΓK) · res
(1)
p (BFf,χ)
)
= HfLp(f/K ⊗ χ,Σ1) · Λf(ΓK) ,
and
charΛf(ΓK)
(
H1(Kpc , F
+R∗f (χ)⊗ Λ(ΓK)
♯)
/
Λf(ΓK) · respc (BFf,χ)
)
= HχLp(f/K ⊗ χ,Σ2) · Λf(ΓK) .
Proof. This follows from Theorem 10.2.2 and the discussion in §11.6 of [KLZ16]. 
Suppose that R is a UFD. Recall that an R-module M is said to be pseudo-null if every m ∈ M is
annihilated by two coprime elements. We will need the following auxiliary result from commutative algebra.
Lemma 5.19. Suppose R is a UFD and N ⊃M are finitely generated R-modules where M is free. If N/M
contains a non-zero pseudo-null R-submodule, then so does N .
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Proof. By induction on the rank of M , we may assume without loss of generality that M has rank one over
R and is given by M = Rm for some m ∈ N . Suppose N/M contains a non-zero pseudo-null R-submodule
and n+M ∈ N/M belongs to that submodule. It follows that there exists coprime elements r1, r2 ∈ R with
r1n, r2n ∈ M = Rm. Thence, either r1n = 0 = r2n, or else m is annihilated by some non-zero element of
R. Since M is free, the latter scenario is impossible. It follows that n ∈ N is annihilated by two coprime
elements of R and therefore it contains a non-zero pseudo-null submodule. 
Theorem 5.20. Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a ray class character
of K with χ 6= χc. Let f be the unique branch of the Hida family that admits fα as a specialization in weight
kf + 2. Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) If the hypothesis τ(f,ΓK) holds true, then
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pa1Lp(f/K ⊗ χ,Σ(1)crit)
for some a1 ∈ Z, and
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
) ∣∣∣ pa2HχLp(f/K ⊗ χ,Σ(2)crit)
for some a2 ∈ Z. Here, Hχ ∈ ΛΦ(Γ
ac) is a generator of the congruence module associated the CM form θχ.
ii) Assume the validity of τ(f,ΓK). Suppose also that Λf is regular. Then,
charΛf(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pb1HfLp(f/K ⊗ χ,Σ(1)crit)
for some b1 ∈ Z, and
charΛf(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
) ∣∣∣ pb2HχLp(f/K ⊗ χ,Σ(2)crit)
for some b2 ∈ Z. Here, Hf ∈ Λf is a generator of Hida’s congruence ideal.
Proof. Let us fix a Zp-basis {γ1, γ2} of ΓK . We put Γ1 := γ
Zp
1 and Γ2 := γ
Zp
2 , so that ΓK = Γ1 × Γ2.
For ψ ∈ Sp(Λ(ΓK))(O), we write π
ψ
1 : ΛO(ΓK) → ΛO(Γ2) for the morphism induced by γ1 7→ ψ(γ1) and
γ2 7→ ψ(γ2)γ2. We also put π2 : ΛO(Γ2) → O for the augmentation morphism induced by γ2 7→ 1. These
give rise to GK-maps
Tf,χ
πψ1−→ Tf,χ ⊗ Twψ
(
ΛO(Γ2)
♯
) π2−→ Tf,χψ
where Twψ
(
ΛO(Γ2)
♯
)
is the free ΛO(Γ2)-module of rank one on which GK acts through Γ2 → ΛO(Γ2)
×,
γ2 7→ ψ(γ2)γ2. We set πψ := π2 ◦ π
ψ
1 .
i) It follows from Theorem 5.11 combined with the generic non-vanishing argument we have utilized in the
proof of Theorem 5.15(i) and the proof of Theorem 5.14(i) that the set S ′f ⊂ S
(2)
f (a, 0) of O-valued p-
crystalline ψ ∈ Σcrit for which
• the O-module H˜2f (GK,Σ,Tf,χψ; ∆
(2)) has finite cardinality,
• the error terms |H0(Qp,Ai)| · Tam(f, χψ) that appear in Lemma 5.8 and Theorem 5.9 are trivial,
is still dense in Sp(Λ(ΓK))(O).
Let us fix a generator h ∈ charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
)
. For each ψ ∈ S ′f , we then have πψ(h) 6= 0;
in particular, πψ1 (h) ∈ ΛO(Γ2) is non-zero. In particular, the height-one prime ker(π
ψ
1 ) = (γ1 − ψ(γ1)) is
not in the support of the ΛO(ΓK)-module H˜
2
f (GK,Σ,Tf,χ; ∆
(2)). Thence, H˜2f (GK,Σ,Tf,χ; ∆
(2))[ker(πψ1 )] is
contained in the maximal pseudo-null ΛO(ΓK)-submodule Mf,χ of H˜
2
f (GK,Σ,Tf,χ; ∆
(2)) and we have
ΛO(Γ2) · π
ψ
1 (h) = charΛO(Γ2)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
/
ker(πψ1 )H˜
2
f (GK,Σ,Tf,χ; ∆
(2))
)
= charΛO(Γ2)
(
H˜2f (GK,Σ, Tf,χ ⊗ Twψ
(
ΛO(Γ2)
♯
)
; ∆(2))
)
· charΛO(Γ2)(Mf,χ)
−1 .
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The same argument also shows that the height one prime ker(π2) = (γ2 − 1) ⊂ ΛO(Γ2) is not in the support
of H˜2f (GK,Σ, Tf,χ ⊗ Twψ
(
ΛO(Γ2)
♯
)
; ∆(2)) and [Nek06, Theorem 11.7.11] shows
O · ψ(h) = O · π2 ◦ π
ψ
1 (h)
∣∣ FittO (H˜2f (GK,Σ, Tf,χψ; ∆(2))) ,(5.13)
since all the error terms that appear in op. cit. vanish thanks to the choice of ψ as an element of S ′f .
Combining (5.13) with Theorem 5.9(ii),
(5.14) ψ(h)
∣∣∣ pc1 [H1(Kpc , F+R∗f (χψ)) : O · res(2)pc (BFf⊗χψαf ,αχψ)]
for some c1 ∈ Z that doesn’t depend on the choice of ψ.
Let us now fix a generator
b ∈ charΛO(ΓK)
(
H1(Kpc , F
+R∗f (χ)⊗Zp Λ(ΓK)
♯)
/
ΛO(ΓK) · res
(2)
pc (BFfα,χ)
)
.
According to [Nek06, Lemma 8.11.3(ii)], we have the following scenarios for the sctructure of the ΛO(ΓK)-
module H2(Kpc , F
+R∗f (χ)⊗Zp Λ(ΓK)
♯):
• It has finite cardinality.
• It is a free O-module of rank one.
Furthermore, the latter scenario would occur only if αfχ(p
c) = 1, which is impossible since the complex
conjugate of this expression has valuation kf +1 > 0 in Φ. This shows that H
2(Kpc , F
+R∗f (χ)⊗Zp Λ(ΓK)
♯)
has finite cardinality. Moreover, [Nek06, 8.11.4(iii)] tells us that H1(Kpc , F
+R∗f (χ) ⊗Zp Λ(ΓK)
♯) is torsion-
free. This combined with Lemma 5.19 shows that the quotient
H1(Kpc , F
+R∗f (χ)⊗Zp Λ(ΓK)
♯)
/
ΛO(ΓK) · res
(2)
pc (BFfα,χ)
has no pseudo-null submodules. Combining all these facts, we infer that
charΛO(Γ2) (H (Γ2)) = π
ψ
1 (b)
for all ψ ∈ S ′f , where we have put
H (Γ2) := H
1(Kpc , F
+R∗f (χ)⊗Zp Twψ
(
ΛO(Γ2)
♯
)
)
/
ΛO(Γ2) · π
ψ
1
(
res
(2)
pc (BFfα,χ)
)
to ease notation. Thence,
O · ψ(b) = π1
(
charΛO(Γ2) (H (Γ2))
)
= FittO (H (Γ2)/(γ2 − 1)H (Γ2))
= FittO
(
H1(Kpc , F
+R∗f (χψ))
/
O · res
(2)
pc
(
BFf⊗χψαf ,αχψ
))
· FittO(Hp)
−1(5.15)
for all ψ ∈ S ′f , where the second equality is a special case of [Nek06, Lemma 11.6.8], the O-module Hpc
on the third line is a subquotient of H2(Kpc , F
+R∗f (χ) ⊗Zp Λ(ΓK)
♯) which is given by the exactness of the
sequence
0 −→
H1(Kpc , F
+R∗f (χ)⊗Zp Twψ
(
ΛO(Γ2)
♯
)
)
(γ2 − 1)H1(Kpc , F+R∗f (χ)⊗Zp Twψ (ΛO(Γ2)
♯))
π1−→ H1(Kpc , F
+R∗f (χψ)) −→ Hpc −→ 0
and the third equality follows from the exactness of this sequence. It follows on combining (5.14) with (5.15)
that
(5.16) ψ(h) | pc2ψ(b)
for all ψ ∈ S ′f , for some c2 ∈ Z that doesn’t depend on ψ. Lemma B.1 together with the density of S
′
f in
Sp(Λ(ΓK))(O) and (5.16) shows that h | p
c2b . The proof that
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(2))
) ∣∣∣ pa2HχLp(f/K ⊗ χ,Σ(2)crit) · ΛO(ΓK)
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for some a2 ∈ Z follows from Proposition 5.18(i). The proof of [CW20, Theorem 3.7] applies to prove the
divisibility
charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pa1Lp(f/K ⊗ χ,Σ(1)crit) · ΛO(ΓK)
for some a1 ∈ Z, concluding the proof of (i).
ii) This part is proved in a similar way, except that we will verify the first divisibility
Λf(ΓK) · h = charΛf(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣∣ pb1HfLp(f/K ⊗ χ,Σ(1)crit) · Λf(ΓK)
for some b1 ∈ Z.
It follows from Theorem 5.15(ii) that the height-one prime ker(κ) ⊂ Λf(ΓK) (where κ ∈ Sp(Λ(Γwt))(O)
is any crystalline arithmetic specialization) is not in the support of H˜2f (GK,Σ,Tf,χ; ∆
(1)) and
ΛO(ΓK) · κ(h)
∣∣∣ charΛO(ΓK) (H˜2f (GK,Σ,Tf(κ),χ; ∆(1))) .
Similar line of argument shows
O · h(κ, ψ)
∣∣∣ FittO (H˜2f (GK,Σ, Tf(κ),χψ; ∆(1)))
for every (κ, ψ) ∈ S(1)(a, 0). This combined with Theorem 5.9(i) shows
(5.17) O · h(κ, ψ)
∣∣∣ pt FittO (H1(Kp, F−R∗f(κ)(χψ))/O · πψ ◦ κ(res(1)pc (BFf,χ)))
for some t ∈ Z that doesn’t depend on the choice of (κ, ψ) ∈ S ′
f,χ ⊂ S
(1)(a, 0). Here, the set S ′
f,χ con-
sists of those (κ, ψ) with the property that the error terms |H0(Qp,Ai)| · Tam(f(κ), χψ) that appear in
Lemma 5.8 and Theorem 5.9 (with the choice f = f(κ)) are trivial. Clearly, the subset S ′
f,χ is also dense in
Sp(Λ(Γwt) ⊗̂Λ(ΓK))(O).
Let us now choose any generator
b ∈ charΛf ⊗̂Λ(ΓK)
(
H1(Kp, F
−R∗
f
(χ)⊗ Λ(ΓK)
♯)
/
(Λf ⊗̂Λ(ΓK)) · resp (BFf,χ)
)
.
Since the GKp -representation F
−R∗
f
(χ) is unramified, it follows that H1(Kp, F
−R∗
f
(χ) ⊗ Λ(ΓK)
♯) is a free
Λf(ΓK)-module of rank one and the natural morphism
H1(Kp, F
−R∗f (χ)⊗ Λ(ΓK)
♯)
πψ◦κ
−→ H1(Kp, F
−R∗
f(κ)(χψ))
is surjective. Thence,
charΛf ⊗̂Λ(ΓK)
(
H1(Kp, F
−R∗f (χ)⊗ Λ(ΓK)
♯)
/
(Λf ⊗̂Λ(ΓK)) · resp (BFf,χ)
)
= FittΛf ⊗̂Λ(ΓK)
(
H1(Kp, F
−R∗
f
(χ)⊗ Λ(ΓK)
♯)
/
(Λf ⊗̂Λ(ΓK)) · resp (BFf,χ)
)
and b(κ, ψ) ∈ O generates the ideal FittO
(
H1(Kp, F
−R∗
f(κ)(χψ))
/
O · πψ ◦ κ
(
res
(1)
pc (BFf,χ)
))
. This com-
bined with (5.17) yields
h(κ, ψ) | ptb(κ, ψ)
for all (κ, ψ) ∈ S ′
f,χ and for some t ∈ Z that doesn’t depend on the choice of (κ, ψ). The proof of Part (ii)
now follows on combining Proposition B.1 and Proposition 5.18(ii). 
5.3. Descent. Throughout this section, we will assume that Γ ∈ Gr(ΓK) is transversal to Γ
cyc, in the sense
that the associated Zp-extensionKΓ/K is linearly disjoint overK with the cyclotomic Zp-extensionK
cyc/K.
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5.3.1. Nekovář’s descent formalism. We recall Nekovář’s descent formalism that developed in [Nek06] and
make some of the constructions therein explicit. We will later apply this discussion with X = T
(Γ)
f,χ, R =
ΛO(Γ) and T
(Γ)
f,χ , R = Λf(Γ), where Γ is transversal to Γ
cyc in the sense explained above.
Definition 5.21.
i) For R and X as in Definition 3.1, let us set Rcyc := R ⊗̂Λ(Γ
cyc) and Xcyc := X ⊗̂Λ(Γ
cyc)♯. A choice of
Greenberg local conditions ∆X as in [Nek06, §6.1] give rise to local conditions ∆Xcyc for Xcyc and allows one
to consider the Selmer complex
R˜Γf(GK,Σ, Xcyc; ∆Xcyc) ∈ Dft(RcycMod) .
ii) Let ht1(R) denote the set of height-1 primes of R. For any P ∈ ht1(R) of R, let us write Pcyc ⊂ Rcyc for
the prime ideal of Rcyc generated by P and γcyc − 1.
iii) Suppose M is a torsion Rcyc-module of finite-type. Following [Nek06, Definition 11.6.6], we define
aP (MPcyc) := lengthRP
(
lim
−→
r
(γcyc − 1)
r−1MPcyc
(γcyc − 1)rMPcyc
)
.
iv) For each P ∈ ht1(R), we let Tamv(X,P ) denote the Tamagawa factor at a prime v ∈ Σ coprime to p,
which is given as in [Nek06, Definition 7.6.10].
v) Let us set X∗(1) := Hom(X,R)(1), which is a free R-module of finite rank endowed with a continuous
action of GK,Σ in the obvious manner. We let ∆
∗
X denote the dual local conditions for X
∗(1) (in the sense
that the formalism in [Nek06, §10.3.1] applies). We then have an R-adic (cyclotomic) height pairing
hNekX : H˜
1
f (GK,Σ, X ; ∆X)⊗ H˜
1
f (GK,Σ, X
∗(1);∆∗X) −→ R
given as §11.1.4 of op. cit., with Γ = Γcyc.
vi) If R is a Krull domain, we define the R-adic regulator RegX on setting
RegX := charR
(
coker(H˜1f (GK,Σ, X ; ∆X)
adj(hNekX )−→ H˜1f (GK,Σ, X
∗(1);∆∗X))
)
where adj denotes adjunction. Note that RegX is non-zero if and only if h
Nek
X is non-degenerate.
Definition 5.22.
i) Suppose R is a Krull domain so that RP is a discrete valuation ring for every P ∈ ht1(R) and (Rcyc)Pcyc
is a regular ring. Let M be a finitely generated torsion Rcyc-module. Let r(MPcyc) denote the largest integer
such that
char(Rcyc)Pcyc (MPcyc) ∈ (γcyc − 1)
r(MPcyc )(Rcyc)Pcyc .
We set
∂cyc char(Rcyc)Pcyc (MPcyc) := 1cyc
(
(γcyc − 1)
−r(MPcyc)char(Rcyc)Pcyc (MPcyc)
)
⊂ RP
where 1cyc : Rcyc → R is the augmentation map.
ii) Suppose in addition that every primes in ht1(R) is principal; this requirement is equivalent to asking that
R is a unique factorization domain. In that case, one may similarly define an integer r(M) with
charRcyc(M) ∈ (γcyc − 1)
r(M)Rcyc
and set
∂cyc charRcyc(M) := 1cyc
(
(γcyc − 1)
−r(M)charRcyc(M)
)
∈ R .
Observe in this particular scenario that we have
(5.18) char(Rcyc)Pcyc (MPcyc) =
(
charRcyc(M)
)
Pcyc
(5.19) ∂cyc char(Rcyc)Pcyc (MPcyc) =
(
∂cyc charRcyc(M)
)
P
.
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Lemma 5.23 (Nekovář). Suppose R is a Krull domain. Then,
aP (MPcyc) = ordP
(
∂cyc char(Rcyc)Pcyc (MPcyc)
)
.
If R is in addition a unique factorization domain, then
aP (MPcyc) =
(
∂cyc charRcyc(M)
)
P
.
Proof. The first part is [Nek06, Lemma 11.6.8]. The second part follows from this combined with (5.19). 
Proposition 5.24 (Nekovář). With the notation of Definition 5.21, suppose that the ring R is a Krull
domain and H˜1f (GK,Σ, Xcyc; ∆Xcyc) and H˜
2
f (GK,Σ, Xcyc; ∆Xcyc) are torsion as Rcyc-modules. Assume also
that
H˜0f (GK,Σ, X ; ∆X) = 0 = H˜
3
f (GK,Σ, X ; ∆X)
H˜0f (GK,Σ, Xcyc; ∆Xcyc) = 0 = H˜
3
f (GK,Σ, Xcyc; ∆Xcyc)
and that the R-adic height pairing hNekX is non-degenerate (in alternative wording, we assume that RegX is
non-zero). Let P ∈ ht1(R) be any height-one prime such that Tamv(X,P ) = 0 for every v ∈ Σ prime to p.
Then
ordP
(
∂cycchar(Rcyc)Pcyc
(
H˜2f (GK,Σ, Xcyc; ∆Xcyc)Pcyc
))
=ordP (Reg(X))
+ lengthRP
((
H˜2f (GK,Σ, X ; ∆X)P
)
RP−tor
)
.
If in addition R is a Krull unique factorization domain, we have
ordP
(
∂cyccharRcyc
(
H˜2f (GK,Σ, Xcyc; ∆Xcyc)
))
= ordP (Reg(X))
+ ordP
(
charR
(
H˜2f (GK,Σ, X ; ∆X)R−tor
))
.
Proof. The first assertion is [Nek06, 11.7.11], combined with Lemma 5.23. The second statement follows
from the first, using (5.18) and (5.19). 
5.3.2. Descent to Γ ∈ Gr(ΓK). We now restrict our attention to the setting where X = T
(Γ)
f,χ, R = ΛO(Γ)
and T
(Γ)
f,χ , R = Λf(Γ), assuming that Γ ∈ Gr(ΓK) is transversal to Γ
cyc in the sense explained above.
Definition 5.25. Suppose γcyc ∈ Γ
cyc is a fixed topological generator as in Section 5.3.1. We define its
lift γ
(Γ)
cyc ∈ ΓK parallel to Γ as the unique element which maps to γcyc and id under the natural surjections
ΓK ։ Γ
cyc and ΓK ։ Γ, respectively.
The choice of the lifting γ
(Γ)
cyc ∈ ΓK induces a split exact sequence
1 // Γcyc // ΓK // Γ // 1
γcyc
✤ // γ
(Γ)
cyc
of topological groups, as well as a commutative diagram
Tf,χ
∼ //
πΓ ""
❊❊
❊❊
T
(Γ)
f,χ ⊗̂Λ(Γ
cyc)♯
acycww♦♦♦
♦♦♦
♦
T
(Γ)
f,χ
(and a similar diagram when Tf,χ and T
(Γ)
f,χ are replaced by Tf,χ and T
(Γ)
f,χ , respectively) where πΓ induced
from the natural projection ΓK ։ Γ and the map acyc from the augmentation map γcyc 7→ 1. Through
these identifications, one may apply the formalism in Section 5.3.1 to deduce the following consequence of
Theorem 5.20.
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Corollary 5.26. Suppose f ∈ Skf+2(Γ1(Nf ), ǫf ) is a cuspidal eigen-newform and χ is a ray class character
of K with χ 6= χc. Let f be the unique branch of the Hida family that admits f as a specialization in weight
kf + 2. Assume that ρf |GK is absolutely irreducible and p-distinguished and suppose Γ ∈ Gr(ΓK).
i) If the hypothesis τ(f,ΓK) holds true, then the divisibilities
charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(1))
)
⊗Zp Qp
∣∣∣ Lp(f/K ⊗ χ,Σ(1)crit)∣∣Γ ⊗Zp Qp
charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(2))
)
⊗Zp Qp
∣∣∣ HχLp(f/K ⊗ χ,Σ(2)crit)|Γ ⊗Zp Qp
in Conjecture 4.1 hold true.
ii) Assume the validity of τ(f,ΓK) and also that Λf is regular. Then the divisibilities
charΛf(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ ; ∆
(1))
)
⊗Zp Qp
∣∣∣ HfLp(f/K ⊗ χ,Σ(1)crit)∣∣Γ ⊗Zp Qp
charΛf(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ ; ∆
(2))
)
⊗Zp Qp
∣∣∣ HχLp(f/K ⊗ χ,Σ(2)crit)∣∣Γ ⊗Zp Qp
in Conjecture 4.8 hold true.
Proof.
i) Let us first assume that Γ ∈ Gr(ΓK) is transversal to Γ
cyc.
We first begin with noting that
H˜0f (GK,Σ,T
(Γ)
f,χ ; ∆
(i)) = 0 = H˜3f (GK,Σ,T
(Γ)
f,χ ; ∆
(i))
H˜0f (GK,Σ,Tf,χ; ∆
(i)) = 0 = H˜3f (GK,Σ,Tf,χ; ∆
(i))
because we have assumed that the representation ρ
f
|GK is absolutely irreducible .
If Lp(f/K⊗χ,Σ
(1)
crit)
∣∣
Γ
= 0, there is nothing to prove and we therefore assume that Lp(f/K⊗χ,Σ
(1)
crit)
∣∣
Γ
6= 0.
It follows from Theorem 5.20(i) that γ
(Γ)
cyc − 1 does not divide charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
)
, which in
turn shows that the ΛO(Γ)-module
H˜2f (GK,Σ,Tf,χ; ∆
(1))/(γ(Γ)cyc − 1)H˜
2
f (GK,Σ,Tf,χ; ∆
(1))
∼
−→ H˜2f (GK,Σ,T
(Γ)
f,χ ; ∆
(1))
is torsion. By global Euler-Poincaré characteristic formulae, it follows that H˜1f (GK,Σ,T
(Γ)
f,χ ; ∆
(1)) is ΛO(Γ)-
torsion as well. This discussion shows that
(5.20) H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(1))ΛO(Γ)−tor = H˜
2
f (GK,Σ,T
(Γ)
f,χ; ∆
(1)) ,
∂cyccharΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
)
= charΛO(ΓK)
(
H˜2f (GK,Σ,Tf,χ; ∆
(1))
) ∣∣
Γ∣∣∣ Lp(f/K ⊗ χ,Σ(1)crit)∣∣Γ ,(5.21)
(5.22) Reg(TΓf,χ) = ΛO(Γ) .
Moreover, it follows from [Nek06, Corollary 8.9.7.4] applied with T = Tf that Tamv(X,P ) = 0 for every
height-one prime of ΛO(Γ). Combining this with (5.20), (5.21), (5.22) and Proposition 5.24 for every height
one prime P of ΛO(Γ) which does not contain p, we deduce that
charΛO(Γ)
(
H˜2f (GK,Σ,T
(Γ)
f,χ; ∆
(1))
)
⊗Zp Qp
∣∣∣ Lp(f/K ⊗ χ,Σ(1)crit)∣∣Γ ⊗Zp Qp ,
as required.
The setting that concerns the local conditions ∆(2) may be handled in an identical manner.
In the remaining case when Γ = Γcyc, we may simply replace the role of Γcyc in Section 5.3.1 by any other
Γ′ ∈ Gr(ΓK) and argue as above.
ii) The argument in the first part applies verbatim. 
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5.4. Anticyclotomic Iwasawa Theory. We shall now concentrate in the particular case when Γ = Γac and
refine Corollary 5.26. We assume throughout Section 5.4 that χc = χ−1 (i.e., the character χ is anticyclotomic
or a ring class character) and we work with the conjugate self-dual twists T†f,χ = T
ac
f,χ ⊗̂Λ(Γ
cyc)♯ and
T
†
f,χ = T
ac
f,χ ⊗̂Λ(Γ
cyc)♯ of Tf,χ and Tf,χ, respectively. Let us put Nf = N
+
f N
−
f so that N
+
f (resp., N
−
f ) is
only divisible by primes that are split (resp., inert) in K/Q.
The following are the main results of [CH16, Hsi14].
Theorem 5.27 (Chida–Hsieh, Hsieh). Suppose N−f is square-free.
i) If N−f is the product of an odd number of primes, then Lp(f/K ⊗ χ,Σ
(1)
cc )
∣∣
Γac
is non-trivial.
ii) If N−f is a product of even number of primes, then Lp(f/K ⊗ χ,Σ
(2)
cc )
∣∣
Γac
is non-trivial.
We remark that some the results we gather within Theorem 5.28 and it consequences below are due
to Skinner–Urban (which we have simply descended to the anticyclotomic tower via the discussion in Sec-
tion 5.3.1) and Castella–Wan.
Theorem 5.28. Suppose f ∈ Skf+2(Γ0(Nf )) is a cuspidal eigen-newform and χ is a ring class character
of K. We assume that N−f is square-free. Let f be the unique branch of the Hida family that admits f as a
specialization in weight kf + 2. Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) Assume that one of the following holds:
(A1) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(B) (H.Im.), (H.SS.), (H.nEZ.) and (H.Dist.) are valid.
(C1) χ = 1, kf ≡ 0 (mod p− 1) and the hypotheses (SU2)–(SU3) are valid.
(C2) χ = 1, kf ≡ 0 (mod p− 1) and the hypotheses (CW3)–(CW5) are valid.
If N−f is the product of an odd (resp., even) number of primes, then both ΛO(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) (resp., H˜1f (GK,Σ,T
ac
f,χ; ∆
(2)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(2))) are torsion.
ii) Assume either (B) above, or else one of the following conditions holds:
(A2) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(C1’) χ = 1 and the hypotheses (SU2)–(SU3) are valid.
(C2’) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
If N−f is the product of an odd (resp., even) number of primes, then both Λf(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) (resp., H˜1f (GK,Σ,T
ac
f,χ; ∆
(2)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(2))) are torsion.
Proof.
i) In the situation of (B), the assertions were already proved in [BL18]. When (C1) holds, the required result is
a direct consequence of [SU14, Theorem 3.36] combined with control theorems for Selmer complexes [Nek06,
Corollary 8.10.2] and Theorem 5.27(i). When (C2) holds, the required result is a direct consequence of
[CW20, Theorem 5.4] combined with control theorems for Selmer complexes [Nek06, Corollary 8.10.2] and
Theorem 5.27(ii).
Thanks to global Euler–Poincaré characteristic formulae, we only need to prove that the ΛO(Γ
ac)-module
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) (resp., H˜2f (GK,Σ,T
ac
f,χ; ∆
(2))) is torsion ifN−f is the product of an odd (resp., even) num-
ber of primes. By the control theorem for Selmer complexes, we are reduced to checking that H˜2f (GK,Σ, T
†
f,χψ; ∆
(1))
(resp., H˜2f (GK,Σ, T
†
f,χψ; ∆
(2))) has finite cardinality for some Hecke character 1 6= ψ ∈ Σ
(1)
cc (resp., ψ ∈ Σ
(2)
cc )
whose Galois character associated to its p-adic avatar ψp factors through Γ
ac.
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In the situation of (A1), the existence of such ψ follows as a consequence of Theorem 5.11 combined with
Theorem 5.27(i) when N−f is the product of an odd number of primes (resp., Theorem 5.27(ii) N
−
f is the
product of an even number of primes).
ii) The proof of this portion reduces to (i) thanks to the control theorem for Selmer complexes [Nek06,
Proposition 8.10.1]. 
Corollary 5.29. Suppose f ∈ Skf+2(Γ0(Nf )) is a cuspidal eigen-newform and χ is a ring class character
of K. We assume that N−f is square-free. Let f be the unique branch of the Hida family that admits f as a
specialization in weight kf + 2. Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) Assume that one of the following holds:
(A1) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(B) (H.Im.), (H.SS.), (H.nEZ.) and (H.Dist.) are valid.
(C1) χ = 1, kf ≡ 0 (mod p− 1) and the hypotheses (SU2)–(SU3) are valid.
(C2) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
Then, rankΛO(Γac)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
)
≤ 1 .
ii) Assume either (B) above, or else one of the following conditions holds:
(A2) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(C1’) χ = 1 and the hypotheses (SU2)–(SU3) are valid.
(C2’) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
Then rankΛf(Γac)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
)
≤ 1 .
Proof.
i) In the setting of (B), this is [BL18, Theorem 3.5]. In the situation of (A1) when N−f has odd number of
prime factors and in the setting of (C1), the required bound on the rank follows as an immediate consequence
of Theorem 5.28(i).
In the situation of (A1) when N−f has even number of prime factors and in the setting of (C2), it follows
from Theorem 5.28(i) that H˜1f (GK,Σ,T
ac
f,χ; ∆
(2)) is torsion. Moreover, the exactness of the sequence
0 −→ H˜1f (GK,Σ,T
ac
f,χ; ∆
(2)) −→ H1F+(K,T
ac
f,χ) −→ H
1(Kpc , F
+Tacf,χ)
(where H1F+(K,T
ac
f,χ) is the Selmer group given as in [BL18, Definition 3.1]) together with the fact that
the ΛO(Γ
ac)-module H1(Kpc , F
+Tacf,χ) is of rank one, shows that ΛO(Γ
ac)-module H1F+(K,T
ac
f,χ) has rank at
most one. Since H1F+(K,T
ac
f,χ) contains H˜
1
f (GK,Σ,T
ac
f,χ; ∆
(1)), the asserted bound on the rank of the latter
follows.
ii) The proof of this portion reduces to (i) thanks to the control theorem for Selmer complexes [Nek06,
Proposition 8.10.1]. 
Definition 5.30. Suppose γcyc ∈ Γ
cyc is a fixed topological generator as in Section 5.3.1. We define its lift
(which we will denote by the same symbol) γcyc ∈ ΓK parallel to Γ
ac as the unique element which maps to
γcyc and id under the natural surjections ΓK ։ Γ
cyc and ΓK ։ Γ
ac, respectively.
Definition 5.31. Suppose R is a Krull unique factorization domain and J ⊂ Rcyc is an ideal. We set
∂∗cycJ =
{
1cyc(J) if (γcyc − 1) ∤ J
1cyc((γcyc − 1)
−1J) if (γcyc − 1) | J .
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and call it the mock leading term for J . In particular, for a torsion Rcyc-module M we have
∂∗cyccharRcyc(M) =
{
∂cyccharRcyc(M) if r(M) ≤ 1
0 if r(M) > 1 .
Theorem 5.32 below presents algebraic formulations of ΛO(Γ
ac)-adic and Λf(Γ
ac)-adic BSD formulae.
Their analytic counterparts (which involves suitable p-adic L-functions) have been established in certain
sub-cases; see [BL18, Theorem 1.1], [Cas17, Theorem A], [CW20, Theorem A].
Theorem 5.32 (Λ(Γac)-adic and Λf ⊗̂Λ(Γ
ac)-adic BSD-type formula). Suppose f ∈ Skf+2(Γ0(Nf )) is a
cuspidal eigen-newform and χ is a ring class character of K. We assume that N−f is square-free. Let f be
the unique branch of the Hida family that admits f as a specialization in weight kf + 2. Suppose that ρf |GK
is absolutely irreducible and p-distinguished.
i) Assume that one of the following holds:
(A1) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(B) (H.Im.), (H.SS.), (H.nEZ.) and (H.Dist.) are valid.
(C1) χ = 1, kf ≡ 0 (mod p− 1) and the hypotheses (SU2)–(SU3) are valid.
(C2) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
Then,
∂∗cyccharΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
= RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
.
ii) Assume either (B) above, or else one of the following conditions holds:
(A2) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(C1’) χ = 1 and the hypotheses (SU2)–(SU3) are valid.
(C2’) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
Assume also that Λf is regular. Then,
∂∗cyccharΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
= RegTac
f,χ
· charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
.
Proof. We only explain the proof of (ii) since the proof of (i) is very similar.
The asserted equality follows from Proposition 5.24 once we verify that the following properties hold true.
(1) Tamv(T
ac
f,χ, P ) = 0 for every height-one prime P of Λf(Γ
ac).
(2) the Λf(ΓK)-modules H˜
1
f (GK,Σ,T
†
f,χ; ∆
(1)) and H˜2f (GK,Σ,T
†
f,χ; ∆
(1)) are torsion.
(3) if r(H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))) > 1 then RegTac
f,χ
= 0.
Property (1) follows from [Nek06, Corollary 8.9.7.4] applied with T = T†
f,χ and Γ = Γ
ac. Property (2) is
• the twisted variant (5.12) of Theorem 5.15(ii) when (A2) holds;
• a consequence of [BL18, Theorem 3.19] (via control theorems for Selmer complexes) in the situation
of (B);
• a consequence of [Kat04, Theorem 17.4(i)] (via control theorems for Selmer complexes) in the situ-
ation of (C1) and (C2) (without requiring (SU2)–(SU3) nor (CW3)–(CW5)).
We now explain how to use [Nek06, Proposition 11.7.6(vii)] to prove that r(H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) ≤ 1 if
RegTac
f,χ
6= 0 (which is the content of the property (3)).
Since Λf(Γ
ac) is an integral domain, it follows that the set denoted by Q in op. cit. consists only of
the zero ideal (0) of Λf(Γ
ac). In this situation, the ideal (γcyc − 1) ∈ Λf(ΓK) (which makes sense thanks to
Definition 5.30) corresponds to q in the notation of Nekovář.
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Suppose RegTac
f,χ
6= 0, then (RegTac
f,χ
)(0) 6= 0 since Λf(Γ
ac) is an integral domain. It follows from [Nek06,
Proposition 11.7.6(vii)] that
lengthΛf(ΓK)(γcyc−1)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))(γcyc−1)
)
= lengthΛf(Γac)(0)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))(0)
)
.
Thence,
r(H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))) = lengthΛf(ΓK)(γcyc−1)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))(γcyc−1)
)
= lengthΛf(Γac)(0)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))(0)
)
= rankΛf(Γac)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
)
≤ 1
where the final inequality follows from Corollary 5.29(ii). This completes the verification of (3), hence also
concludes the proof of Theorem 5.32(ii). 
Definition 5.33. Given an element A =
∑
0≥An · (γcyc − 1)
n ∈ Λf(Γ
ac) ⊗̂Λ(Γcyc) (so that we have An ∈
Λf(Γ
ac)), we set
∂∗cycA :=
{
A0 , if 1cyc(A) 6= 0,
A1 , if 1cyc(A) = 0
and call it the mock leading term of the power series A.
Corollary 5.34. Suppose f ∈ Skf+2(Γ0(Nf )) is a cuspidal eigen-newform and χ is a ring class character
of K. We assume that N−f is square-free. Let f be the unique branch of the Hida family that admits f as a
specialization in weight kf + 2. Suppose that ρf |GK is absolutely irreducible and p-distinguished.
i) Suppose Conjecture 4.3(i) holds true3 with Γ = ΓK . In the situation of Theorem 5.32(i) we have
ΛL(Γ
ac) · ∂∗cyc
(
Tw
(
Lp(f/K ⊗ χ,Σ
(1))
))
= RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp .
Moreover we have (resp., the opposite containment)
ΛL(Γ
ac) · ∂∗cyc
(
Tw
(
Lp(f/K ⊗ χ,Σ
(1))
))
⊂ RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp
if the containment (resp., the opposite containment)
ΛL(Γ
ac) · Tw
(
Lp(f/K ⊗ χ,Σ
(1))
)
⊂ charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
⊗Zp Qp
in Conjecture 4.1(i) holds true.
ii) Suppose Conjecture 4.8(i) holds true4 with Γ = ΓK . In the situation of Theorem 5.32(ii) we have(
Λf(Γ
ac)⊗Zp Qp
)
∂∗cyc
(
Hf Twf
(
Lp(f/K ⊗ χ,Σ
(1))
))
= RegTac
f,χ
charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp.
Moreover we have (resp., the opposite containment)(
Λf(Γ
ac)⊗Zp Qp
)
∂∗cyc
(
HfTwf
(
Lp(f/K ⊗ χ,Σ
(1))
))
⊂ RegTac
f,χ
charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp
if the containment (resp., the opposite containment)(
Λf(ΓK)⊗Zp Qp
)
·HfTwf
(
Lp(f/K ⊗ χ,Σ
(1))
)
⊂ charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆
(1))
)
⊗Zp Qp
in Conjecture 4.8(i) holds true.
3This is equivalent, thanks to [BL18, Theorem 3.19(i)], to the requirement that Conjecture 4.3(ii) holds true.
4This is equivalent, thanks to Proposition 4.12, to the requirement that Conjecture 4.8(ii) holds true.
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5.4.1. Anticyclotomic Iwasawa Theory in the definite case. Throughout in Section 5.4.1, we assume that N−f
is a square-free product of an odd number of primes. We will explain how to obtain unconditional versions
of Corollary 5.34 in this set up. We remark that some the results we gather within Theorem 5.36 below are
due to Skinner–Urban (which we have simply descended to the anticyclotomic tower via the discussion in
Section 5.3.1).
Theorem 5.35. Suppose f ∈ Skf+2(Γ0(Nf )) is a cuspidal eigen-newform and χ is a ring class character of
K. Let f be the unique branch of the Hida family that admits f as a specialization in weight kf +2. Suppose
that ρf |GK is absolutely irreducible and p-distinguished.
i) Assume at least one of the following holds:
(A1) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(B) (H.Im.), (H.SS.), (H.nEZ.) and (H.Dist.) are valid.
(C1) χ = 1, kf ≡ 0 (mod p− 1) and the hypothesis (SU3) is valid.
Then,
charΛO(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗ Qp
∣∣∣ ΛL(Γac) · Lp(f/K ⊗ χ,Σ(1)cc )∣∣Γac .
Moreover, the asserted divisibility is an equality in the situation of (C1).
ii) Assume that one of the hypothesis (A2) or (C1’) below holds:
(A2) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(C1’) χ = 1 and the hypothesis (SU3) is valid.
Then,
charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))
)
⊗ Qp
∣∣∣ ΛL(Γac) ·HfLp(f/K ⊗ χ,Σ(1)cc )∣∣Γac .
In the situation of (C1’), the asserted divisibility is indeed an equality.
Proof. Note in this scenario we have RegTac
f,χ
= ΛO(Γ
ac) (since both Selmer groups involved in the definition
of this regulator are trivial) and we have
∂∗cyc
(
Tw
(
Lp(f/K ⊗ χ,Σ
(1))
))
= Lp(f/K ⊗ χ,Σ
(1)
cc )
∣∣
Γac
.
i) In the setting of (B), the required divisibility is [BL18, Theorem 1.1(i)], whereas in the situation of (C1),
the asserted equality follows from [SU14, Theorem 3.36] combined with Corollary 5.34(i) (which we apply
in light of our observations at the start of this proof). In the remaining case when (A1) holds true, this is a
restatement of Corollary 5.26(i) applied with Γ = Γac.
ii) The proof of this portion proceeds in a manner identical to Part (i). 
5.4.2. Anticyclotomic Iwasawa Theory in the indefinite case. Throughout in Section 5.4.1, we assume that
N−f is a square-free product of an even number of primes. We will explain how to obtain unconditional
versions of Corollary 5.34 in this set up. We remark that some of the results we gather within Theorem 5.36
below are due to Castella and Wan (whose proof we have altered slightly by going through the general
descent mechanism of Nekovář, which we have discussed in Section 5.3.1).
Theorem 5.36. Suppose f ∈ Skf+2(Γ0(Nf )) is a cuspidal eigen-newform and χ is a ring class character of
K. Let f be the unique branch of the Hida family that admits f as a specialization in weight kf +2. Suppose
that ρf |GK is absolutely irreducible and p-distinguished, as well as that Λf is a regular ring.
i) Assume at least one of the following holds:
(A1) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(B) (H.Im.), (H.SS.), (H.nEZ.) and (H.Dist.) are valid.
(C2) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
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Then,
i.1) Both ΛO(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) have rank one.
i.2) We have a containment
ΛL(Γ
ac) · ∂∗cyc
(
Tw
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
ΓK
)
⊂ RegTacf,χ · charΛO(Γ
ac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗ Qp
which is in fact an equality in the situation of (C2).
ii) Assume that one of the hypothesis (A2) or (C2’) below holds:
(A2) χ2 6= 1 and the hypothesis τ(f,ΓK) holds true.
(C2’) χ = 1 and the hypotheses (CW3)–(CW5) are valid.
Then,
ii.1) Both Λf(Γ
ac)-modules H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) and H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) have rank one.
ii.2) We have a containment
(Λf(Γ
ac)⊗ZpQp)Hf ·∂
∗
cyc
(
Twf
(
Lp(f/K ⊗ χ,Σ
(1))
) ∣∣
ΓK
)
⊂ RegTac
f,χ
·charΛf(Γac)
(
H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))tor
)
⊗Qp
which is in fact an equality in the situation of (C2’).
Proof. It follows from the global Euler–Poincaré characteristic formulae that rank of H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) is
equal to that of H˜2f (GK,Σ,T
ac
f,χ; ∆
(1)) (resp., rank of H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)) to that of H˜2f (GK,Σ,T
ac
f,χ; ∆
(1))).
i) In the setting of (B), this is [BL18, Theorem 1.1(ii)].
We explain the proof of i.1) assuming (A1). It follows from Corollary 5.29(i) that
rankΛO(Γac)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
)
≤ 1 .
To prove that rankΛO(Γac)
(
H˜1f (GK,Σ,T
ac
f,χ; ∆
(1))
)
= 1, we need to exhibit a non-zero element of the torsion-
free module H˜1f (GK,Σ,T
ac
f,χ; ∆
(1)). The required element is the image BFacfα,χ of the Beilinson–Flach element
BF
†
fα,χ ∈ H
1
F+
(K,T†f,χ). The element BF
ac
fα,χ is indeed non-trivial thanks to the twisted version Proposi-
tion 5.18 (which is also proved in [KLZ16]); see also the proof of Theorem 3.13(ii) in [BL18]. It also follows
from [BL18, Theorem 3.11] and the fact that the Coleman map denoted by Col(1,χ) in op. cit. is injective
that
res
(1)
p
(
BFacfα,χ
)
= 0,
so that BFacfα,χ ∈ H˜
1
f (GK,Σ,T
ac
f,χ; ∆
(1)), as required.
The proof of i.2) in the setting of (A2) follows on combining Theorem 5.20(i) with Corollary 5.34(i).
We now explain the proof of i.1) assuming (C1). As above, we need to exhibit a non-zero element of the
torsion-free module H˜1f (GK,Σ,T
ac
f ; ∆
(1)). The argument in the previous case applies verbatim and shows
that the image BFacfα,1 of the Beilinson–Flach class BF
†
fα,1 ∈ H
1
F+
(K,T†f,1) is such an element.
Our final task is to verify i.2) assuming (C1). In this situation, we have an equality
(5.23) (Λf(ΓK)⊗Zp Qp) ·Hf Twf
(
Lp(f/K ,Σ
(1))
) ∣∣
ΓK
= charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f
; ∆(1))
)
⊗ Qp
thanks to [CW20, Corollary 5.6]. We let πf : Λf −→ L denote the map that is determined by the specialization
fα of the Hida family f and let us put (℘f ) ∈ Λ
(f)
wt for the arithmetic height-one prime ideal of Λ
(f)
wt
∼=
Zp[[1+pZp]] corresponding to f
α (so that ker(πf ) lies above the prime (℘f )). Starting off with the “descend”
sequence
0 −→ Λwt
℘f
−→ Λwt −→ Zp −→ 0,
one may employ the induced Bockstein spectral sequence as in [Nek06, 11.6] to descend (5.23) to an equality
ΛL(ΓK) · Tw
(
Lp(f/K ,Σ
(1))
) ∣∣
ΓK
= charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f ; ∆
(1))
)
⊗ Qp .
More precisely, here we rely on the formula of Birch and Swinnerton-Dyer type [Nek06, 11.7.11(iii)] (as in
the proof of Proposition 5.24, where we had started off with a different descend sequence) to deduce that
(5.24) πf
(
charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f
; ∆(1))
))
⊗Zp Qp = charΛO(ΓK)
(
H˜2f (GK,Σ,T
†
f ; ∆
(1))
)
⊗ Qp .
In order to apply [Nek06, 11.7.11(iii)], we need to verify the following properties.
• We have
H˜0f (GK,Σ,T
†
f ; ∆
(1)) = 0 = H˜3f (GK,Σ,T
†
f ; ∆
(1)) ,
H˜0f (GK,Σ,T
†
f
; ∆(1)) = 0 = H˜3f (GK,Σ,T
†
f
; ∆(1)).
Both these properties hold true since ρf|GK is irreducible.
• Both Λf(ΓK)-modules H˜
1
f (GK,Σ,T
†
f
; ∆(1)) and H˜2f (GK,Σ,T
†
f
; ∆(1)) are torsion. This is immediate
from (5.23), since the element Hf Twf
(
Lp(f/K ,Σ
(1))
) ∣∣
ΓK
∈ Λf(ΓK) is non-zero.
• Both ΛO(ΓK)-modules H˜
1
f (GK,Σ,T
†
f ; ∆
(1)) and H˜2f (GK,Σ,T
†
f ; ∆
(1)) are torsion. To see this, note
that ℘f ∤ Hf (since Hida has proved that the congruence ideal Hf does not have any arithmetic
points in its support) and ℘f ∤ Twf
(
Lp(f/K ,Σ
(1))
) ∣∣
ΓK
(since Tw
(
Lp(f/K ,Σ
(1))
) ∣∣
ΓK
is non-zero).
It follows from (5.23) that ℘f is coprime to charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f
; ∆(1))
)
and therefore (by the
control theorems for Selmer complexes),
H˜2f (GK,Σ,T
†
f
; ∆(1))/℘f H˜
2
f (GK,Σ,T
†
f
; ∆(1))
∼
−→ H˜2f (GK,Σ,T
†
f ; ∆
(1))
is torsion. The ΛO(ΓK)-module H˜
1
f (GK,Σ,T
†
f ; ∆
(1)) is torsion thanks to the global Euler–Poincaré
characteristic formulae.
• For any height-one prime P of ΛO(ΓK), we have Tamv(T
†
f , P ) = 0 for every v ∈ Σ prime to p. This
follows from [Nek06, Corollary 8.9.7.4].
ii) The proof of this portion proceeds in a manner identical to Part (i). 
Appendix A. Locally restricted Euler systems
Our goal in this appendix is to produce bounds on Selmer groups in terms of locally restricted Euler
systems with minimal hypotheses.
A.1. Set up. Suppose p > 2 is a prime. Let E be a finite extension of Qp and O ⊂ E its valuation ring,
m ⊂ O the maximal ideal and ̟ ∈ m is a fixed uniformizer. Let S denote a finite set of places of Q which
contains the archimedean place and the prime p. Suppose X is a finite dimensional E-vector space endowed
with a continuous action of GQ,S and let X◦ ⊂ X denote a GQ,S-stable O-lattice. Let us put X = X◦/mX◦
and call it (by slight abuse) the residual representation of X . We will assume that X is not the trivial
representation.
Let us also set X∗(1) := Hom(X,Qp)(1) to denote the Tate dual of X ; similarly define the lattice X
∗
◦ (1) :=
Hom(X◦,Zp)(1) and X
∗
(1) := Hom(X,µp). Let us also setW = X⊗Qp/Zp and similarly define the divisible
groupW ∗(1). Finally, let us define the extension Ω/Q as the fixed field of ker (GQ −→ Aut(X)⊕Aut(µp∞)) .
Throughout this appendix, M will always denote a power of p and we will put WM := X◦/MX◦ and
similarly define W ∗M (1).
We will consider the following hypotheses on X :
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Hyp(X◦). The following conditions simultaneously hold true:
i) The residual representation X is irreducible.
ii) There exists τ ∈ GQ(µp∞ ) such that X◦/(τ − 1)X◦ is a free O-module of rank one.
iii) H1(Ω/Q, X) = 0 = H1(Ω/Q, X
∗
(1)).
Hyp(X). The following conditions simultaneously hold true:
i) The representation X is irreducible and X
GQ
= 0 = (X
∗
(1))GQ .
ii) There exists τ ∈ GQ(µp∞ ) such that X/(τ − 1)X is an E-vector space of dimension one.
iii) H1(Ω/Q, X) = 0 = H1(Ω/Q, X
∗
(1)).
Hyp(X, a). The following conditions hold true for a natural number a:
i) The representation X is irreducible and X
GQ
= 0 = (X
∗
(1))GQ .
ii) There exists τ ∈ GQ(µp∞ ) such that X◦/(τ − 1)X◦ is a free O-module of rank one.
iii) H1(Ω/Q, X) = 0 = H1(Ω/Q, X
∗
(1)).
iv) Suppose τ is as in (ii). The ideal ma annihilates the maximal GQ,S-stable submodule of (τ − 1)W
and of (τ − 1)W ∗(1).
Hyp(X, a, b). The following conditions hold true for a pair of natural numbers a, b:
i) The representation X is irreducible and X
GQ
= 0 = (X
∗
(1))GQ .
ii) There exists τ ∈ GQ(µp∞ ) such that X/(τ − 1)X is an E-vector space of dimension one.
iii) H1(Ω/Q, X) = 0 = H1(Ω/Q, X
∗
(1)).
iv) Suppose τ is as in (ii). The ideal ma annihilates the maximal GQ,S-stable submodule of (τ − 1)W
and of (τ − 1)W ∗(1).
v) Suppose τ is as in (ii). The length of (X◦/(τ − 1)X◦)tor is bounded by b.
Remark A.1. Note that Hyp(X, a, b) is equivalent to Hyp(X, a, 0); whereas Hyp(X, 0)= Hyp(X, 0, 0) follows
from Hyp(X◦). Any one of these hypotheses also implies Hyp(X).
Definition A.2.
i) Let N denote the product of non-archimedean primes in S. Let R denote the set of square-free products
p1 · · · ps with pi coprime to N . For each integer m = p1 · · · ps ∈ R, let us write Q(m) = Q(p1) · · ·Q(p
s
s),
where we write Q(ℓ) for the maximal p-extension in Q(µℓ) for a prime number ℓ. Let us write Sm for the
primes of Q(m) lying above the primes in S, as well all primes ramified in Q(m)/Q. For m ∈ R, let us put
∆m := Gal(Q(m)/Q).
ii) A Selmer structure F for the pair (X◦,R) is a choice
H1F (Q(m)v, X◦) ⊂ H
1(Q(m)v , X◦)
for every v ∈ Sm. Local Tate duality then determines the dual Selmer structure F
∗ on X∗◦ (1). For any
quotient Y of X◦, we shall denote by F the Selmer structure on (Y,R) induced from X◦ ։ Y . In this
scenario, we define the Selmer groups
H1F(Q(m), Z) := ker
(
H1(GQ,S , Z) −→ ⊕v∈Sm
H1(Q(m)v , Z)
H1F (Q(m)v, Z)
)
for Z = X◦,WM . We similarly define the dual Selmer groups H
1
F∗(Q(m), Z) for Z = X
∗
◦ (1),W
∗
M (1).
iii) The canonical Selmer structure Fcan for the pair (X◦,R) is given on setting for every m ∈ R
H1Fcan(Q(m)v , X◦) = ker
(
H1(Q(m)v , X◦) −→ H
1(Q(m)urv , X)
)
for every non-archimedean v ∈ Sm prime to p, and
H1Fcan(Q(m)v , X◦) = H
1(Q(m)v, X◦)
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for every v above p.
iv) Given a Selmer structure F for the pair (X◦,R), we write F < Fcan to indicate that
H1F(Q(m)v , X◦) = H
1
Fcan(Q(m)v , X◦)
for every non-archimedean v ∈ Sm prime to p, and
H1F(Q(m)v , X◦) ⊆ H
1(Q(m)v, X◦) .
v) A Selmer structure F < Fcan is said to be Cartesian if for every M we have:
• For every m ∈ R and a p-primary integer M , the restriction map induces an isomorphism
H1F (Q,WM )
∼
−→ H1F(Q(m),WM )
∆m .
• For every m ∈ R and p-primary integers M ′,M with M ′ |M we have
H1F(Q(m)v ,WM ′) = ker
(
H1(Q(m)v ,WM ′)
[M/M ′]
−→
H1(Q(m)v ,WM )
H1F(Q(m)v ,WM )
)
for every v dividing p.
Definition A.3 (Locally restricted Euler system).
i) Suppose that c = {cm}m∈R is an Euler system for the triple (X◦,∪mQ(m), N) in the sense of [Rub00, §II].
We say that c is F-locally restricted if for every m ∈ R we have
cm ∈ H
1
F (Q(m), X◦)
for a Cartesian Selmer structure F < Fcan on (X◦,R).
ii) Suppose that c = {cm}m∈R is an F-locally restricted Euler system for the triple (X◦,∪mQ(m), N). We
define
indO(c,F) ∈ Z≥0 ∪ {∞}
as the largest integer n such that cQ ∈ H
1
F (Q, X◦) is divisible by m
n in H1F (Q, X◦)/H
1
F (Q, X◦)tor (with the
obvious convention that indO(c,F) =∞ if cQ ∈ H
1
F(Q, X◦)tor).
Note that an Fcan-locally restricted Euler system is none other than an Euler system in the usual sense.
Remark A.4. Suppose that c = {cm}m∈R is an F-locally restricted Euler system for (X◦,∪mQ(m), N).
i) As in [Rub00], let us write indO(c) to denote the largest integer n such that cQ ∈ H
1(GQ,S , X◦) is divisible
by mn in H1(GQ,S , X◦)/H
1(GQ,S , X◦)tor. The exactness of the sequence
TorO1
(
H1(GQ,S , X◦)
H1(GQ,S , X◦)tor +H1F(Q, X◦)
,O/mn
)
−→
H1F(Q, X◦)
H1F(Q, X◦)tor +m
nH1F (Q, X◦)
−→
H1(GQ,S , X◦)
H1(GQ,S , X◦)tor +mnH1F (Q, X◦)
for any natural number n shows that
• indO(c,F) ≤ indO(c);
• if we have
TorO1
(
H1(GQ,S , X◦)
H1(GQ,S , X◦)tor +H1F (Q, X◦)
,O/mn
)
=
(
H1(GQ,S , X◦)
H1(GQ,S , X◦)tor +H1F (Q, X◦)
)
[mn] = 0,
then indO(c,F) = indO(c).
ii) Suppose in addition that Hyp(X) holds true (in the main body of the current article, our main results will
always have this assumption). Then H1(GQ,S , X◦)tor = {0} and our conclusions (i) simplify to
• indO(c,F) ≤ indO(c);
• if H1(GQ,S , X◦)/H
1
F(Q, X◦) is torsion-free, then indO(c,F) = indO(c).
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Notice in addition that we have an injection
H1(GQ,S , X◦)/H
1
F(Q, X◦) →֒ H
1(Qp, X◦)/H
1
F(Qp, X◦),
so we conclude in this scenario that if the quotient H1(Qp, X◦)/H
1
F(Qp, X◦) is torsion free, it follows that
indO(c,F) = indO(c).
iii) We continue to assume the validity of Hyp(X). Then,
mindO(c,F) | FittO
(
H1F (Q, X◦)/O · cQ
)
,
with the convention that if cQ = 0, we read this divisibility as 0 = 0.
This divisibility is an equality if H1F (Q, X◦) is (necessarily free) of rank one (in the main body of the
current article, this will always be the case whenever we apply the machinery in this appendix).
Definition A.5.
i) Given a Selmer structure F < Fcan on (X◦,R) and m ∈ R, we define the Selmer structure Fm < F on
X◦ by the requirement that
H1Fm(Qℓ, X◦) =
{
H1F (Qℓ, X◦) if ℓ ∤ m
0 if ℓ | m.
We also define the Selmer structure Fm on X◦ by the requirement that
H1Fm(Qℓ, X◦) =
{
H1F (Qℓ, X◦) if ℓ ∤ m
H1(Qℓ, X◦) if ℓ | m.
We then write F∗m to denote the Selmer structure on X
∗
◦ (1) dual to F
m, so that we have
H1F∗m(Qℓ, X
∗
◦ (1)) =
{
H1F∗(Qℓ, X
∗
◦ (1)) if ℓ ∤ m
0 if ℓ | m.
ii) Given m ∈ R, let us write ν(m) for the number of prime divisors of m. We define the integer χ(X) on
setting
χ(X) = minm∈R
{
ν(m) : H1F∗m(Qℓ, X
∗
(1)) = 0
}
.
Remark A.6. The proof of [Rub00, Lemma V.2.3] shows that χ(X) is well-defined.
Definition A.7. Let us fix M to be a power of p. Let us write RM ⊂ R for the set defined as in [Rub00,
Definition IV.1.1] with F = Q.
Given an F-locally restricted Euler system c = {cm}m∈R for (X◦,∪mQ(m), N) and n ∈ RM , we let
κr,M ∈ H
1(GQ,S ,WM ) denote the Kolyvagin’s derivative class given as in [Rub00, Definition IV.4.10].
Proposition A.8. Let M be a fixed power of p. Let c = {cm}m∈R be an F-locally restricted Euler system
for (X◦,∪mQ(m), N). Assume that X
GQ
= {0}. Then for any r ∈ RM we have
κr,M ∈ H
1
Fr(Q,WM ) .
Proof. This is proved in a manner identical to [Büy10, Theorem 3.25]. The key property is that F is
Cartesian. 
A.2. Euler system bounds. Suppose that c = {cm}m∈R is an F -locally restricted Euler system for
(X◦,∪mQ(m), N) for a Cartesian Selmer structure F < Fcan, in the sense of Definition A.3(i).
Theorem A.9.
i) Suppose that Hyp(X) holds true and indO(c) <∞. Then∣∣H1F∗(Q,W ∗(1))∣∣ <∞ .
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ii) Suppose that Hyp(X,a,b) holds true for some natural numbers a and b. Then
lengthO
(
H1F∗(Q,W
∗(1))
)
≤ t+ indO(c)
where t = t(a, b, χ(X)) ∈ Z is a constant that only depends on a, b and χ(X).
iii) Suppose that Hyp(X,a) holds true for some natural number a. Then
lengthO
(
H1F∗(Q,W
∗(1))
)
≤ t+ indO(c)
where t ∈ Z is a constant that only depends on a and χ(X).
iv) Suppose that Hyp(X◦) holds true for some natural numbers a and b. Then
lengthO
(
H1F∗(Q,W
∗(1))
)
≤ indO(c) .
Remark A.10.
i) When F = Fcan, Theorem A.9(i) is [Rub00, Theorem II.2.3] and Theorem A.9(iv) is Theorem II.2.2 in op.
cit. A careful study of the proofs of these results in [Rub00, §V] yields Theorem A.9(ii) and Theorem A.9(iii)
when F = Fcan.
ii) Theorem A.9(iv) should be compared to the main results of [Büy09, Büy10, Büy11] where the Selmer
structure F is denoted by FL in op. cit. and corresponds to a rank-one direct summand L of H
1(Qp, X
∗
◦ (1))
complementary to the Bloch–Kato submodule. Note that the notion of a locally restricted Euler system is
already present in [Büy11].
We will follow the argument in [Rub00, §V] very closely for the proof of this theorem, explaining wherever
it is required to refine the arguments in op. cit. (by keeping track of the p-local properties of the Euler
system and Kolyvagin derivatives). For Theorem A.9(i), we will modify the argument of Rubin in [Rub00,
§V.3] suitably. For Theorem A.9(ii), we will improve on the argument in §V.2 of op. cit. Proofs of (iii) and
(iv) will easily follow from the proof of (ii).
We first introduce some notions and establish various auxiliary results which we will rely on in our proof
of Theorem A.9.
Definition A.11. For an O-module Z and z ∈ Z, let us define order(z, Z) = inf{n ≥ 0 : mnz = 0} ∈ N∪∞.
Note that if φ : Z1 −→ Z2 is any homomorphism of O-modules and z ∈ Z1, then order(z, Z1) ≥
order(φ(z), Z2). If φ is injective, then order(z, Z1) = order(φ(z), Z2).
Definition A.12. Suppose F is an algebraic number field and κ ∈ H1(Q, ∗). We write (κ)F ∈ H
1(F, ∗) for
the image of κ under the restriction map.
Definition A.13. Suppose F is a Cartesian Selmer structure on X◦. Let us put H
1
F(Q, X) ⊂ H
1(GQ,S , X)
for the subspace generated by H1F(Q, X◦) and H
1
F (Q,W ) for the image of H
1
F(Q, X) under the natural map
induced by X −→W . As a consequence of our assumption that F is Cartesian, it follows that
ι−1M (H
1
F (Q,W )) = H
1
F (Q,WM ) .
Lemma A.14. Fix a power M of p. Let F be a Cartesian Selmer structure on X◦. Assume that Hyp(X)
holds true. For any positive integer n we have a natural isomorphism
H1F∗n(Q,W
∗
M (1))
∨/mH1F∗n(Q,W
∗
M (1))
∨ ∼−→ H1F∗n(Q, X
∗
(1))∨.
Proof. Since F is a Cartesian Selmer structure on X◦, so is F
n. Since (X
∗
(1))GQ = 0 by assumption, it
follows from [MR04, Lemma 3.5.3] that
(A.1) H1F∗n(Q, X
∗
(1))
∼
−→ H1F∗n(Q,W
∗
M (1))[m] .
The required isomorphism follows on dualizing (A.1). 
Corollary A.15. We retain the notation in Lemma A.14. For every positive integer n, one may choose a
set Cn ⊂ H
1
F∗n
(Q,W ∗M (1)) of size at most χ(X) and that generates H
1
F∗n
(Q,W ∗M (1)).
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We assume until the end that we have indO(c) < ∞ for the F -locally restricted Euler system we are
given, since otherwise there is nothing to prove. Let us write ιM for natural maps induced from the injection
WM →֒W . For example, when X
GQ
= 0, we have an injection
(A.2) ιM : H
1(GQ,S ,WM ) →֒ H
1(GQ,S ,W ) .
Lemma A.16. For any M with ordmM ≥ indO(c,F) and assuming the truth of Hyp(X) we have
order
(
κ1,M , H
1
F (Q,WM )
)
= order
(
ιM (κ1,M ), H
1
F(Q,W )
)
= ordmM − indO(c,F) .
Proof. The first equality is immediate from (A.2), whereas the second equality is [Rub00, Lemma 5.1.1], on
noting that
order
(
ιM (κ1,M ), H
1
F (Q,W )
)
= order
(
ιM (κ1,M ), H
1(GQ,S ,W )
)
.

Lemma A.17. Fix a power M of p. Suppose F is a finite extension of Q such that GF acts trivially on
WM and W
∗
M (1). Assume that Hyp(X, a, b) holds true. If
κ ∈ H1(GQ,S ,WM ), η ∈ H
1(GQ,S ,W
∗
M (1))
then there exists an element γ ∈ GF such that
1) order(κ(γτ),WM/(τ − 1)WM ) ≥ order((κ)F , H
1(GF,S ,WM ))− a,
2) order(η(γτ),W ∗M (1)/(τ − 1)W
∗
M (1)) ≥ order((η)F , H
1(GF,S ,W
∗
M (1)))− a .
Proof. This is Lemma V.3.1 in [Rub00]. Since we assume throughout p > 2, the lower bounds here are
slightly improved as compared to lower bounds in op. cit. 
Lemma A.18. Fix a power M of p. Let F be a Cartesian Selmer structure on X◦. Let c denote an F-
locally restricted Euler system and let {κr,M}r∈RM denote Kolyvagin’s derivative classes. We assume that
Hyp(X, a, b) holds true.
Suppose C ⊂ H1F∗(Q,W
∗
M (1)) is any set of cardinality k. There exists a set of rational primes P =
{q1, · · · , qk} ⊂ RM such that for 1 ≤ i ≤ k,
i) Frqi is conjugate to the image of τ in Gal(Q(WM )/Q),
ii) setting nj = q1 · · · qj (with n0 = 1 and nk =: n), we have
order
(
resqi(κnj−1,M ), H
1
f (Qqi ,WM )
)
≥ order
(
(κnj−1,M )Ω, H
1(Ω,WM )
)
− a,
iii) ma
(
C ∩H1F∗n(Q,W
∗
M (1))
)
= 0.
Proof. The argument to prove [Rub00, Lemma V.2.3] works with small alterations in our set up. Let us
write C = {η1, · · · , ηk}. As in op.cit., we shall explain how to choose the primes qi ∈ RM inductively so as
to satisfy (i), (ii) and
(A.3) resqi(η) ∈ H
1
f (Qqi ,W
∗
M (1)) for every η ∈ C ;
(A.4) order
(
resqi(ηi), H
1
f (Qqi ,W
∗
M (1))
)
≥ order
(
(ηi)Ω, H
1(Ω,W ∗M (1))
)
− a .
Suppose 1 ≤ i ≤ k and q1, · · · , qi−1 ∈ RM are chosen to satisfy (i), (ii), (A.3) and (A.4). Let us denote by N
the product of non-archimedean primes in S. Let us denote the fixed field of ker
(
GQ → Aut(WM )⊕Aut(µpM )
)
by F ; note that F is contained in Ω. We shall apply Lemma A.17 with this F , κ = κni−1,M and η = ηi, to
find an element γ ∈ GF . On noting (κni−1,M )F ∈ H
1(F,WM ) = Hom(GF ,WM ) and (ηi)F ∈ H
1(F,WM ) =
Hom(GF ,WM ) = Hom(GF ,W
∗
M (1)), we may consider the fixed field F
′ of
GF
(κni−1,M )F⊕(ηi)F
// WM ⊕W
∗
M (1) .
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We choose qi ∈ RM as a prime which doesn’t divide Nnj−1 and whose arithmetic Frobenius in F
′/Q (for
some choice of a prime of F ′ above qi) equals γτ . Note that Tchebotarev density theorem guarantees the
existence of such qi.
Properties (i) and (A.3) are immediate by the choice of qi. To verify property (ii) and (A.4), we note
by [Rub00, Lemma 1.4.7(i)] that evaluation of cocycles at the (arithmetic) Frobenius Frqi at qi induces an
isomorphism
H1f (Qqi , Z)
∼= Z/(Frqi − 1)Z = Z/(τ − 1)Z
for Z =WM ,W
∗
M (1). This in turn shows that
order
(
resqi(κnj−1,M ), H
1
f (Qqi ,WM )
)
= order
(
resqi(κnj−1,M ),WM/(τ − 1)WM
)
≥ order
(
(κnj−1,M )F , H
1(F,WM )
)
− a
≥ order
(
(κnj−1,M )Ω, H
1(Ω,WM )
)
− a,(A.5)
where the first inequality is thanks to the choice of qi; and also that
order
(
resqi(ηi), H
1
f (Qqi ,W
∗
M (1))
)
= order (resqi(ηi),W
∗
M (1)/(τ − 1)W
∗
M (1))
≥ order
(
(ηi)F , H
1(F,W ∗M (1))
)
− a
≥ order
(
(ηi)Ω, H
1(Ω,W ∗M (1))
)
− a,(A.6)
where the first inequality is again immediate by the choice of qi. Note that (A.5) is the sought after property
(ii) whereas (A.6) is the property (A.4).
To conclude the proof of Lemma A.18, we need to check property (iii) with the chosen set of primes
P = {q1, · · · , qk}. We explain how to use (A.4) to verify this property. Suppose η = ηi ∈ C∩H
1
F∗n
(Q,W ∗M (1)),
so that resq(ηi) = 0 for every q ∈ P. In particular, resqi(ηi) = 0 and (A.4) shows that
maη ∈ ker
(
H1(Q,W ∗M (1)) −→ H
1(Ω,W ∗M (1))
)
= H1(Ω/K,W ∗M (1))(A.7)
= 0,(A.8)
where (A.7) follows from the inflation-restriction sequence and (A.8) is part of our hypothesis Hyp(X, a, b)(iii).
This concludes the proof of property (iii). 
Definition A.19. Let M be a power of p and suppose n ∈ RM . We then have an exact sequence
(A.9) 0 −→ H1F(Q,WM ) −→ H
1
Fn(Q,WM )
ressn,WM−→
⊕
q|n
H1s (Qq,WM )
where we recall that H1s (Qq,WM ) := H
1(Qq ,WM )/H
1
f (Qq,WM ) is the singular quotient and res
s
n,WM
:=
⊕q|n res
s
q.
Lemma A.20. Suppose I = ms is a non-zero ideal of O and k is a positive integer. Suppose M is a power
p satisfying ordmM ≥ s + indO(c,F). Let F be a Cartesian Selmer structure on X◦. Let c denote an
F-locally restricted Euler system and let {κr,M}r∈RM denote Kolyvagin’s derivative classes. We assume that
Hyp(X, a, b) holds true.
Suppose that there exists a finite set of primes P = {q1, · · · , qk} ⊂ RM such that for 1 ≤ i ≤ k,
a) Frqi is conjugate to the image of τ in Gal(Q(WM )/Q),
b) setting nj = q1 · · · qj (with n0 = 1 and nk =: n), we have
order
(
resqi(κnj−1,M ), H
1
f (Qqi ,WM )
)
≥ order
(
(κnj−1,M )Ω, H
1(Ω,WM )
)
− a .
Then,
lengthO
(
coker
(
ressn,WI
))
≤ indO(c,F) +
k2 + 3k
2
a+ (k2 + 4k)b .
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Proof. We shall modify the proof of [Rub00, Lemma 5.2.5] suitably (under the assumption that WGQ = 0,
which is ensured by the running hypothesis Hyp(X, a, b)) to apply in our set up.
Thanks to Hyp(X, a, b)(i) and Hyp(X, a, b)(i) and (iii), the maps
H1Fn(Q,WM ) −→ H
1(Q,WM )
ιM−→ H1(Q,W ) −→ H1(Ω,W )
H1(Ω,WM )
ιM−→ H1(Ω,W )
are all injective for any n ∈ RM . For each 1 ≤ i ≤ k, we set as in op. cit.
di = order
(
κni,M , H
1
Fn(Q,WM )
)
= order
(
κni,M , H
1(Q,WM )
)
= order
(
ιM (κni,M ), H
1(Q,W )
)
= order
(
ιM (κni,M )Ω, H
1(Ω,W )
)
= order
(
(κni,M )Ω, H
1(Ω,WM )
)
.
By Lemma A.16 and the choice of M ,
(A.10) d0 = ordmM − indO(c,F) ≥ s .
For each i ≥ 1,
di ≥ order
(
ressqi(κni,M ), H
1
s (Qqi ,WM )
)
≥ order
(
resqi(κni−1,M ), H
1
s (Qqi ,WM )
)
− 2b ≥ di−1 − a− 2b(A.11)
where the first inequality is tautological, the second is Theorem 4.5.4 combined with Corollary A.2.6 of op.
cit., the final inequality is the assumption (b) of the lemma. Combining (A.10) and (A.11), we see that
di ≥ s− i(a+ 2b) for every i.
It follows from [MR04, Lemma 3.5.3] that we have an isomorphism
H1Fni (Q,WI)
∼
−→ H1Fni (Q,WM )[I]
induced from the injection ιI,M : WI →֒ WM . Combining this with Proposition A.8, we may find κi ∈
H1Fni (Q,WI) such that
O · ιI,M (κi) = m
di−s+i(a+2b)κni,M .
For every i ≤ k, we set
A(i) := spanO{κ1, · · · , κi} ⊂ H
1
Fni (Q,WI) ⊂ H
1
Fn(Q,WI)
and let A := A(k). The singular projection map ressqi induces surjections
ressn(A
(i))/ressn(A
(i−1))։ O · ressqi(κi) ⊂ H
1
s (Qqi ,WI) .
Thence,
lengthO
(
ressn(A
(i))/ressn(A
(i−1))
)
≥ order
(
ressqi(κi), H
1
s (Qqi ,WI)
)
≥ order
(
ressqi(κni,M ), H
1
s (Qqi ,WM )
)
− (di − s+ i(a+ 2b))
≥ s+ di−1 − di + (i + 1)(a+ 2b) .
where the second inequality follows from the definition of κi and the third from (A.11). The filtration
ressn(A) = res
s
n(A
(k)) ⊃ · · · ⊃ ressn(A
(1)) ⊃ ressn(A
(0)) = 0
shows using (A.10) and the trivial estimate dk ≤ ordmM that
lengthO
(
ressn
(
H1Fn(Q,WI)
))
≥ lengthO (res
s
n(A))
≥
k∑
i=1
(s+ di−1 − di + (i+ 1)(a+ 2b))
= ks+ d0 − dk +
k(k + 3)
2
(a+ 2b)
= ks+ ordmM − indO(c,F) − dk +
k(k + 3)
2
(a+ 2b)
≥ ks− indO(c,F) +
k(k + 3)
2
(a+ 2b) .(A.12)
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For every q ∈ RM we have H
1
s (Qq,WI) = W
Frq=1
I by [Rub00, Lemma 1.4.7(i)]. Hence,
lengthO
(
⊕q∈PH
1
s (Qq ,WI)
)
= k · lengthO
(
W τ=1I
)
= k · lengthO (WI/(τ − 1)WI) ≤ ks+ kb
where the final inequality follows as a consequence of Proposition A.2.5 in op. cit. Combining this with
(A.12), we conclude that
lengthO
(
coker
(
H1Fn(Q,WI)
ressn−→ ⊕q|nH
1
s (Qq,WI)
))
≤ indO(c,F) +
k2 + 3k
2
a+ (k2 + 4k)b
as claimed. 
We are now ready to proceed with the proof of Theorem A.9.
Proof of Theorem A.9. We assume in all cases that indO(c) <∞ since otherwise there is nothing to prove.
i) In this part of the proof, we will largely rely on the argument of Rubin in [Rub00, §V.3]. We indicate what
portions of the argument that need to be altered to suit our purposes. Recall that we assume the truth of
Hyp(X, a, b) in this portion.
Suppose η ∈ H1F∗(Q,WM ) is an arbitrary element. On applying Lemma A.17 with the fixed field F of
ker
(
GQ −→ Aut(WM )⊕Aut(µpM )
)
, the element η ∈ H1F∗(Q,WM ) we have fixed and κ = κ1,M , we can
choose γ ∈ GF so that
order(κ1,M (γτ),WM/(τ − 1)WM ) ≥ order((κ1,M )F , H
1(GF,S ,WM ))− a
≥ order((κ1,M )Ω, H
1(Ω,W ))− a(A.13)
order(η(γτ),W ∗M (1)/(τ − 1)W
∗
M (1)) ≥ order((η)F , H
1(GF,S ,W
∗
M (1))) − a
≥ order((η)Ω, H
1(Ω,W ∗(1)))− a(A.14)
It follows from Hyp(X, a, b)(i) and Hyp(X, a, b)(iii) that the composition
H1F (Q,W ) −→ H
1(GQ,S ,W ) −→ H
1(Ω,W )
is injective, thence
order((κ1,M )Ω, H
1(Ω,W )) = order(κ1,M , H
1
F(Q,W )) .
This together with Property (1) above combined with Lemma A.16 yields
(A.15) order(κ(γτ),WM/(τ − 1)WM ) ≥ ordmM − indO(c,F)− a .
Similarly,
(A.16) order(η(γτ),W ∗M (1)/(τ − 1)W
∗
M (1)) ≥ order(η,H
1(GQ,S ,W
∗
M (1)))− a .
Let q denote the rational prime chosen as in the paragraph following (5.18) in [Rub00]. The argument in the
portion from (5.18) until the last three lines of Page 116 in op. cit. applies word by word to conclude that
(A.17) order(ressq(κq,M ), H
1
s (Qq,WM )) ≥ ordmM − indO(c,F) − a− 2b
where ressq : H
1(GQ,S , ∗) −→ H
1
s (Qq, ∗) is the singular projection; and that
(A.18) order(resq(η), H
1
f (Q,W
∗
M (1))) ≥ order(η,H
1(GQ,S ,W
∗
M (1)))− a .
Moreover, we have as explained in [Rub00, Page 116]
(A.19) lengthO
(
H1s (Q,WM )
)
≤ ordmM + b .
Applying [MR04, Theorem 2.3.4] with G1 = F , G2 = F
q and T =WM , we infer that
(A.20) order(resq(η), H
1
f (Q,W
∗
M (1))) ≤ lengthO
(
coker
(
H1Fq (Q,WM )
ressq
−→ H1s (Qq ,WM )
))
.
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Moreover, since κq,M ∈ H
1
Fq (Q,WM ), we have
lengthO
(
coker
(
H1Fq (Q,WM )
ressq
−→ H1s (Qq ,WM )
))
≤ lengthO
(
H1s (Qq ,WM )
)
− order(ressq(κq,M ), H
1
s (Qq,WM )) .(A.21)
Combining (A.17), (A.19) (A.20) and (A.21), we conclude that
(A.22) order(resq(η), H
1
f (Q,W
∗
M (1))) ≤ indO(c,F) + a+ 3b .
Now (A.22) with (A.18) shows that
(A.23) order(η,H1(GQ,S ,W
∗
M (1))) ≤ indO(c,F) + 2a+ 3b .
This holds true for every M and η ∈ H1F∗(Q,W
∗
M (1)). Since H
1
F∗(Q,W
∗(1)) = lim
−→M
H1F∗(Q,W
∗
M (1)), it
follows from (A.23) that
m2a+3b+indO(c,F)H1F∗(Q,W
∗
M (1)) = 0 .
This concludes the proof of Theorem A.9(i).
ii) In this part of the proof, we will largely rely on the argument of Rubin in [Rub00, §V.2]. We explain here
what portions of the argument we need to modify for our purposes.
In the easier case when a = 0, the argument we present below applies with slight alteration. We therefore
assume henceforth a 6= 0. Let I = ms be as in Lemma A.20 (we will take s as large as necessary). We will
apply Lemma A.18 on setting C to be the image of H1F∗(Q,W
∗
m2a(1)) under the injective map
H1F∗(Q,W
∗
m2a(1)) −→ H
1
F∗(Q,W
∗
I (1)).
It follows from Lemma A.14 that
(A.24) |C| ≤ χ(X)2a.
To save ink, let us put k = |C|. Let us choose the set P of rational primes as in Lemma A.18 and define n
to be the product of the elements of P. We then have
maH1F∗n(Q,W
∗
m2a(1)) = {0} .
Moreover, since the image of the injective map
[ma] : H1F∗n(Q,W
∗
ma(1)) →֒ H
1
F∗n
(Q,W ∗m2a(1))
is contained in maH1F∗n(Q,W
∗
m2a (1)) = 0, it follows that H
1
F∗n
(Q,W ∗ma(1)) = 0. Since we also have
H1F∗n(Q,W
∗
ma(1))
∼
−→ H1F∗n(Q,W
∗
I (1))[m
a]
by [MR04, Lemma 3.5.3], it follows that
(A.25) H1F∗n(Q,W
∗
I (1)) = {0} .
Using [MR04, Theorem 2.3.4] with T = WI , G1 = F and G2 = F
n along with (A.25), we conclude that
(A.26) lengthO
(
H1F∗(Q,W
∗
I (1))
)
= lengthO (coker(res
s
n)) .
On combining (A.26) with the conclusion of Lemma A.20, we have
lengthO
(
H1F∗(Q,W
∗
I (1))
)
≤ indO(c,F) +
k2 + 3k
2
a+ (k2 + 4k)b
≤ indO(c,F) + (k
2 + 4k)(a+ b) .(A.27)
Note that the right hand side of the inequality (A.27) is independent of the choice of I. Since (A.27) holds
for all I and H1F∗(Q,W
∗(1)) = lim
−→I
H1F∗(Q,W
∗
I (1)), the proof of Theorem A.9(ii) follows once we set
t = t(a, b, χ(X)) =
(
χ(X)4a + 4χ(X)2a
)
(a+ b) .
iii) Proof of (ii) shows that t = t(a, 0, χ(X)) can be chosen in a way that it will only depend on a and χ(X).
The proof of (iii) follows from (ii) in this case.
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iv) Proof of (ii) shows that one can choose t = t(0, 0, χ(X)) = 0 in this case and (iv) follows from (ii). 
A.3. Examples. Suppose f is a cuspidal non-CM eigenform as in the main body of our article and let ψ be
a Hecke character associated to the imaginary quadratic field K, say of infinity type (ℓ1, ℓ2). We recall the
theta series θψ := θ(ψ
−1| · |ℓ1). Recall also that X◦f,ψ := R
∗
f ⊗ IndK/Qψ, which is a free O-module of rank 4
endowed with a continuous action of GQ,Σ, and Xf,ψ := X
◦
f,ψ ⊗ Qp. In §A.3, we shall discuss the validity of
the hypothesis Hyp(Xf,ψ, a, b) and its variants introduced in §A.1.
Proposition A.21.
i) Suppose ρf |GK is absolutely irreducible and ψ 6= ψ
c. Then Hyp(Xf,ψ)(i), Hyp(Xf,ψ, a)(i) and Hyp(Xf,ψ, a, b)(i)
are valid.
ii) Suppose ρf |GK is absolutely irreducible and ψ 6≡ ψ
c mod m. Then Hyp(X◦f,ψ)(i) holds true.
iii) Hyp(Xf,ψ)(iii), Hyp(Xf,ψ)(iii), Hyp(Xf,ψ, a)(iii) and Hyp(Xf,ψ, a, b)(iii) always hold.
iv) Suppose ρf |GK is absolutely irreducible and ψ 6≡ ψ
c mod ma+1. Then Hyp(Xf,ψ , a, b)(iv) and Hyp(Xf,ψ , a)(iv)
hold true.
Proof.
i) Suppose U is a non-trivial GQ-stable submodule of Xf,ψ, so that
0 < dimHomGQ,S(U,Xf,ψ) = dimHomGQ(U, IndK/Q(V
∗
f ⊗ ψ)) .
It follows from Frobenius reciprocity that
dimHomGK (U |GK , V
∗
f ⊗ ψ) > 0 .
Since V ∗f ⊗ ψ is irreducible by assumption, it follows that U |GK ⊃ V
∗
f ⊗ ψ. Since U and V
∗
f are GQ-
representations, they are both invariant under complex conjugation. Thence, we must also have U |GK ⊃
V ∗f ⊗ ψ
c. Since ψ and ψc are distinct and V ∗f |GK is irreducible, it follows that V
∗
f ⊗ ψ and V
∗
f ⊗ ψ
c have no
common constituents. Thence, U |GK ⊃ (V
∗
f ⊗ψ)⊕ (V
∗
f ⊗ψ
c) has dimension 4 and U = Xf,ψ. This concludes
the proof that Xf,ψ is irreducible.
Let us write 1 for the free O/m-vector space of dimension one on which GQ acts trivially. We contend to
prove that
HomGQ(1, Xf,ψ) = 0 = HomGQ(1, X
∗
f,ψ(1)) .
Using Frobenius reciprocity again, HomGQ(1, Xf,ψ) = HomGK (1|GK , R
∗
f ⊗ ψ) and the latter vector space
is trivial since we assumed ρf |GK is absolutely irreducible. This shows HomGQ(1, Xf,ψ) = 0; the proof for
X
∗
f,ψ(1) is identical.
ii) The argument in the first paragraph of the proof of (i) applies verbatim under the running hypothesis.
iii) This follows from the fact that we have εfεgψ 6= 1 (which is an immediate consequence of the fact that
Nf and the conductor of ψ are coprime to the discriminant of K); see the discussion in [KLZ16, §11.1] and
the final paragraph of [KLZ16, Remark 11.1.3].
iv) Let us set Wf,ψ := X
◦
f,ψ⊗Qp/Zp and suppose U ⊂ (τ − 1)Wf,ψ is a GQ-stable submodule. It follows from
(i) that U has finite cardinality (since any divisible GK -stable submodule of (τ − 1)Wf,ψ is the image of a
GK-stable subspace of (τ − 1)Xf,ψ, which is zero).
For any positive integer s, let us put Ws := Wf,ψ[m
s] and Wf,s := V
∗
f /R
∗
f [m
s] to ease notation. Let us
also write ψs for the character ψ mod m
s so that Ws := IndK/Q(Wf,s ⊗ ψs) is a free O/m
s-module of rank
4.
Let us pick s ≥ a + b + 1 large enough so that U ⊂ (τ − 1)Ws and write U1 (respectively, U2) for the
projection of U |GK to Wf,s ⊗ ψs (respectively, to Wf,s ⊗ ψ
c
s) under the canonical GK-equivariant splitting
Ws|GK = (Wf,s ⊗ ψs)⊕ (Wf,s ⊗ ψ
c
s) .
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We claim that U1 ⊂Wf,a⊗ψa. Suppose on the contrary that U1 contains a vector w ∈Wf,a+1⊗ψa+1 which
is not in Wf,a ⊗ ψa. Since ρf |GK is absolutely irreducible by assumption, it follows that the GK-orbit of w
generates Wf,a+1 ⊗ ψa+1. This shows that U [m
a+1] ⊃ Wf,a+1 ⊗ ψa+1. Moreover, since ψ 6≡ ψ
c mod ma+1
and both representations U [ma+1] and Wf,a+1 are stable under complex conjugation, it follows that
U [ma+1]|GK = (Wf,a+1 ⊗ ψa+1)⊕ (Wf,a+1 ⊗ ψ
c
a+1).
This shows that
(A.28) lengthO U [m
a+1] = 4(a+ 1).
On the other hand, since U ⊂ (τ − 1)Ws, we have an inclusion U [m
a+1] ⊂ (τ − 1)Ws ∩Wa+1. We will now
prove that
(A.29) lengthO (τ − 1)Ws ∩Wa+1 ≤ 3(a+ 1)
whenever s ≥ a+ b + 1. This will contradict (A.28) and complete the proof that U is annihilated by ma.
In order to prove (A.29), consider the commutative diagram
0 // Wa+1 //
τ−1

Ws
[pa]
//
τ−1

Ws−a−1 //
τ−1

0
0 // Wa+1 // Ws
[pa]
// Ws−a−1 // 0
with exact rows. Snake lemma gives rise to the long exact sequence
0 −→W τ=1a+1 −→W
τ=1
s −→ W
τ=1
s−a−1 −→Wa+1/(τ − 1)Wa+1
α
−→Ws/(τ − 1)Ws(A.30)
and ker(α) = (Wa+1 ∩ (τ − 1)Ws) /(τ − 1)Wa+1. In particular,
(A.31) lengthO (τ − 1)Ws ∩Wa+1 = lengthO ker(α) + lengthO (τ − 1)Wa+1 .
Moreover, (A.30) shows that coker(β)
∼
−→ ker(α) and also that
lengthO ker(α) + lengthOW
τ=1
s = lengthOW
τ=1
a+1 + lengthOW
τ=1
s−a−1 .
Combining this equality with (A.31), we conclude that
(A.32) lengthO (τ−1)Ws∩Wa+1 = lengthOW
τ=1
a+1+lengthO (τ−1)Wa+1+lengthOW
τ=1
s−a−1−lengthOW
τ=1
s .
For any positive integer r, the exactness of the sequence
0 −→W τ=1r −→Wr
τ−1
−→Wr −→Wr/(τ − 1)Wr
shows that lengthOW
τ=1
r = lengthOWr/(τ − 1)Wr, hence also that
lengthOW
τ=1
r + lengthO (τ − 1)Wr = lengthOWr = 4r.
These facts combined with (A.32) shows
(A.33) lengthO (τ − 1)Ws ∩Wa+1 = 4(a+ 1) + lengthOWs−a−1/(τ − 1)Ws−a−1 − lengthOWs/(τ − 1)Ws .
We next compute lengthOWr/(τ − 1)Wr when r ≥ b. Let us fix an isomorphism X
◦
f,ψ/(τ − 1)X
◦
f,ψ
∼=
O ⊕ (X◦f,ψ)tor, so that we have
Wr/(τ − 1)Wr = X
◦
f,ψ/(τ − 1,m
r)X◦f,ψ
∼= O/mr ⊕ (X◦f,ψ)tor .
This shows that
lengthOWr/(τ − 1)Wr = r + b .
Noting that s− a− 1 ≥ b by choice, this combined with (A.33) yields
lengthO (τ − 1)Ws ∩Wa+1 = 4(a+ 1) + (s− a− 1) + b− (s+ b) = 3(a+ 1),
completing the proof of (A.29).
The portion that concerns the largest proper GQ-stable submodule of (τ − 1)W
∗
f,ψ(1) is proved in an
identical manner. 
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Appendix B. A divisibility criterion in regular rings
Suppose R is a complete local regular ring of dimension n + 2 (n ≥ 1) and with mixed characteristic
(0, p). Let m denote its maximal ideal. Assume that x0, x1, · · · , xn is a regular sequence in R such that
p 6∈ (x0, x1, · · · , xn). Let (̟) ⊂ R denote the unique height-one prime of R that contains p. The injective
ring homomorphism
ι0 : Zp[[x0]] −→ R
endows R with the structure of a flat R0 := Zp[[x0]]-module.
Suppose that F,G ∈ R are two non-zero elements with the following properties:
a) ̟ ∤ FG.
b) x0 ∤ F .
c) There exists a collection of irreducible elements {fi}
∞
i=1 ⊂ Zp[[x0]] which are pairwise coprime, with
the property that the image of G under the natural map
R −→ R/(fi, F ) = R0/R0fi
⊗
ι0:R0 →֒R
R/(F )
is zero. Here and also below, we write x in place ι0(x) for x ∈ R0.
Proposition B.1. If F and G are as above, then F divides G over R.
Proof. For each positive integer n, let us define gn := f1 · · · fn, so that we have Rgn+1 ( Rgn =: bn.
Observe that we have an injection
R0/R0gn →֒
n∏
i=1
R0/R0fi
for each positive integer n. Since we assumed x0 ∤ F and ̟ ∤ F , and since R is a UFD, it follows that R/(F )
is flat as an R0-module. Thence, we have an injection
R/(gn, F ) = R0/R0gn
⊗
ι0:R0 →֒R
R/(F ) →֒
n∏
i=1
(
R0/R0fi
⊗
ι0:R0 →֒R
R/(F )
)
=
n∏
i=1
R/(fi, F ) .
This injection together with property (c) above shows that G ∈ (gn, F ) for every positive integer n.
We will next prove that ∩n (gn, F ) = (F ) and this will conclude the proof of our proposition.
To that end, suppose a ∈ ∩n (gn, F ), so that for every positive integer n, there exists rn, sn ∈ R with
a = rngn+Fsn. We first prove that the sequence sn converges m-adically. Since the ring R is complete with
respect to the m-adic topology, it suffices to prove that {sn} is a Cauchy sequence. Suppose we are given
any positive integer M . According to [Che43, Lemma 7], there exists N ∈ Z+ with gn ∈ m
M for all n ≥ N .
This in turn means that
(sn − sm) · F = rmgm − rngn ∈ m
M
for every n,m > N . This concludes the proof that the sequence {sn} is Cauchy, and therefore convergent.
Let us put s := lim
n→∞
sn ∈ R. The lemma of Chevalley also shows that lim
n→∞
gn = 0, and in turn also that
a = lim
n→∞
a = lim
n→∞
rngn + Fsn = lim
n→∞
rngn + lim
n→∞
Fsn = Fs
concluding the proof that a ∈ (F ). This shows that ∩n (gn, F ) ⊂ (F ), and in turn also ∩n (gn, F ) = (F ), as
required. 
Appendix C. A corrigendum to [BL18]
There is a small imprecision in the formula presented in [BL18, Theorem 2.1]. In this appendix, we present
the correct formula. What follows should replace §2.2 of op. cit. In particular, the numberings and notation
all correspond to op. cit.
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2.2. p-adic L-function of Hida and Perrin-Riou. Let f1 and f2 be two Hida families of tame levels N1
and N2 respectively. Suppose that N is an integer divisible by both N1 and N2 but not by p. There exists a
3-variable p-adic L-function Lp(f1, f2, s), where s is the cyclotomic variable, see for example [KLZ16, §7.7].
More precisely, if f1 and f2 are weight k (resp., weight l) specializations of f1 and f2 with l < k, the value of
the p-adic L-function is given by
Lp(f1, f2, j) =
〈
f c1 , eord
(
f
[p]
2 × E1/N (j − l, k − 1− j)
)〉
N,p
〈f1, f1〉N,p
,
where f c1 is as defined in [Loe18, §2.2], f
[p]
2 is the p-depletion of f2, 〈∼,∼〉N,p denotes the Petersson inner
product at level Γ1(N) ∩ Γ0(p) and Eα(φ1, φ2) denotes the p-depleted Eisenstein series∑
n≥1,p∤n
 ∑
0<d|n
φ1(d)φ2(n/d)
[
e2πid/N − φ1φ2(−1)e
−2πid/N
] qn
=
∑
n≥1,p∤n
∑
d|n
sign(d)φ1(d)φ2(n/d)e
2πid/N
 qn(2.1)
whenever φ1 and φ2 are two characters on Z
×
p and α ∈
1
NZ/Z, as given by [LLZ14, Definition 5.3.1]. Note
that we write our characters additively here (so an integer j that appears as an argument of a p-adic L-
function stands for its evaluation under the character χjcyc). We recall from [KLZ16, Theorem 2.7.4 and
Remark 2.7.5(i)] that this p-adic L-function has the following interpolation formula. If f1 and f2 are as
above with levels coprime to p, let αi and βi be the roots to the Hecke polynomial of fi at p, with αi being
the unit root. If j is an integer such that l ≤ j ≤ k − 1 and χ is a finite character on Γcyc, then
(2.2) Lp(f1, f2, j + χ) =
E(f1, f2, j + χ)
E(f1)E∗(f1)
×
ik−lN2j−k−l+2Γ(j)Γ(j − l+ 1)L(f1, f2, χ
−1, j)
22j+k−lπ2j+1−l〈f1, f1〉Nf1
,
where E(f1) = 1− β1/pα1, E
∗(f1) = 1− β1/α1 and
E(f1, f2, j + χ) =

(
1− p
j−1
α1α2
)(
1− p
j−1
α1β2
)(
1− β1α2pj
)(
1− β1β2pj
)
if χ is trivial,
τ(χ)2 ·
(
p2j−2
α21α2β2
)n
if χ is of conductor pn > 1.
Recall that f is a modulus of K with (p, f) = 1. We write Hfp∞ for the ray class group of K of conductor
fp∞. As in [LLZ15, §6.2], we define
Θ =
∑
a:(a,p)=1
[a]qNK/Q(a) ∈ Λ(Hfp∞)[[q]],
where a runs over ideals of K and [a] denotes the corresponding element of Hfp∞ via Artin reciprocity map.
Given any character ω of Hfp∞ , Θ(ω) is then the p-depleted theta series attached to ω. Note that its level
divides NK/Q(f) · disc(K/Q) · p
∞. On replacing N by the lowest common multiple of the level of f and
NK/Q(f) · disc(K/Q) if necessary, we define a 2-variable p-adic L-function
Lp(f/K,Σ
(1)) ∈ ΛL(Hfp∞) := o[[Hfp∞ ]]⊗ L,
which assigns a character ω of Hfp∞ the value
Lp(f/K,Σ
(1))(ω) =
〈
(fλ)c, eord(Θ(ω)× E1/N (k/2− 1− ωQ, k − 2))
〉
N,p
〈fλ, fλ〉N,p
,
where fλ is the ordinary p-stabilization of f and ωQ is the character given by the composition of ω with
Z×p →֒ (OK×Zp)
× → Hfp∞ . We remark that if f
λ and ω vary inside a Hida family f1 and f2 (the latter being
a CM Hida family over Λ(Hfp∞)), we recover the Hida p-adic L-function Lp(f1, f2, s). More specifically, if g
is the specialization of f2 that corresponds to the theta series attached to ω, we have the formula
Lp(f
α, g, k/2) = Lp(f/K,Σ
(1))(ω).
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Theorem 2.1. Let ψ be a finite Hecke character of infinity type (0, 0) (in particular, it belongs to Σ(1))
whose conductor divides fp∞. Let ψp be the p-adic avatar of ψ. If the conductor of ψ is coprime to p and j
is an integer such that 1 ≤ j ≤ k − 1, then
Lp(f/K,Σ
(1))(ψp · χ
j−k/2
cyc ) =
E(f, ψ, j)
E(f)E∗(f)
×
ik−1N2j−k+1Γ(j)2
22j+k−1π2j
×
L(f/K,ψ, j)
〈f, f〉N
,
where E(f) = 1 − λ′/pλ, E∗(f) = 1 − λ′/λ, λ and λ′ are the roots of the Hecke polynomial of f at p, with
the former being the unit root and
E(f, ψ, j) =
∏
q∈{p,pc}
(
1−
pj−1
λψ(q)
)(
1−
λ′ψ(q)
pj
)
.
If the p-primary part of the conductor of ψ is given by pm(pc)n with m+ n ≥ 1, then the value of the p-adic
L-function at ψp · χ
j−k/2
cyc for 1 ≤ j ≤ k − 1 is given by
(−1)j−k/2pj(m+n)τ(ψp)
λm+nE(f)E∗(f)
×
ik−1N2j−k+1Γ(j)2
22j+k−1π2j
×
DNp
(
f,Θ(ψp), j
)
〈f, f〉N
,
where τ(ψp) is defined by Θ(ψp)|1
(
−1
pm+n
)
= τ(ψp)Θ(ψp),
5 and DNp is the usual Rankin-Selberg con-
volution with Euler factors dividing Np removed.
We remark that DNp
(
f,Θ(ψp), j
)
= L(f/K,ψ, j); see [Nek95, §3.4].
Proof. We note that the first formula is given by (2.2) (on taking χ = 1 and f2 the theta series corresponding
to ψ). So, we suppose that Θ(ψ) is of level Nps+1, and primitive at ps+1 with s ≥ 0 (so that s+1 = m+ n,
with the notation of the statement of our theorem).
We write WNp∗ for the Atkin-Lehner involution of level Np
∗ under the normalization we have chosen.
Following the calculations in [Hid93, pages 224-225], we have〈
(fλ)c, eord ◦ Ξ(Θ(ψp · χ
j−k/2
cyc )× E1/N (k/2− 1− (ψpχ
j−k/2
cyc )Q, k/2− 1))
〉
N,p
=
p(k−1)s
λs
〈
WNp(f
λ)(psz), eord ◦ Ξ
(
Θ(ψp · χ
j−k/2
cyc )× E1/N (k/2− 1− (ψpχ
j−k/2
cyc )Q, k/2− 1)
)〉
N,ps+1
.
Note that
Θ(ψp · χ
j−k/2
cyc )× E1/N (k/2− 1− (ψpχ
j−k/2
cyc )Q, k/2− 1)
=dk/2−j Θ(ψp)× E1/N (2j − k/2− 1, k/2− 1),
where d = q ddq , since (χcyc)Q = −2. Then, by [Hid88b, Lemma 6.5(iv)] and [Hid85, Lemma 5.3], we can
rewrite the Petersson product above as
p(k−1)s
(−1)j−k/2λs
〈
WNp(f
λ)(psz), eord ◦ Ξ
(
Θ(ψp)× d
k/2−j E1/N (2j − k/2− 1, k/2− 1)
)〉
N,ps+1
=
p(k−1)s
(−1)j−k/2λs
〈
WNp(f
λ)(psz), eord ◦ Ξ
(
Θ(ψp)× E1/N (j − 1, k − j − 1)
)〉
N,ps+1
.
As in [Loe18, Appendix A, Step 2], this is equal to
p(k−1)s
(−1)j−k/2λs
×
〈
WNp(f
λ)(psz), eord ◦ Ξ
(
Θ(ψp)× E˜
)〉
N,ps+1
,
5If γ =
(
a b
c d
)
∈ GL+
2
(Q), the normalization of the slash operator on a weight ℓ modular form h is given by
(h|ℓγ)(z) = det(γ)
ℓ−1(cz + d)−ℓh(γz).
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where E˜ is the Eisenstein series given by∑
n≥1
qn
∑
d|n,p∤nd
dj−1(n/d)−j
(
e2πid/N + (−1)k−1e−2πid/N
)
.
By duality (as in [Loe18, Appendix A, Step 3]), we may rewrite the quantity above as
ps+1
(−1)j−k/2λs
×
〈
WN (f
λ), eord ◦ Ξ
(
Wps+1(Θ(ψp))×Wps+1(E˜)
)〉
=
cps+1
(−1)j−k/2λs
× p(s+1)(k−2−j)
〈
fλ, eord ◦ Ξ
(
Wps+1(Θ(ψp))× E1/Nps+1)
)〉
=
cp(s+1)(k−1−j)
(−1)j−k/2λs
〈
fλ, eord ◦ Ξ
(
Wps+1(Θ(ψp))× E1/Nps+1)
)〉
,
where c is the Atkin-Lehner pseudo-eigenvalue of fλ and E1/Nps+1 is as defined in [LLZ14, §4-5]. By a
theorem of Rankin-Selberg and Shimura (c.f. [Kat04, Theorem 7.1]), this is equal to
cp(s+1)(k−1−j)
(−1)j−k/2λs
×
ik−1Γ(j)2
22j+k−1π2j(Nps+1)k−2j−1
×DNp
(
fλ,Wps+1 (Θ(ψp)) , j
)
.
We can simplify this expression as
cN2j−k+1pj(s+1)
(−1)j−k/2λs
×
ik−1Γ(j)2
22j+k−1π2j
×DNp
(
fλ,Wps+1 (Θ(ψp)) , j
)
=
cN2j−k+1pj(s+1)
(−1)j−k/2λs
×
ik−1Γ(j)2τ(ψp)
22j+k−1π2j
×DNp
(
f,Θ(ψp), j
)
.
Finally, recall that 〈fλ, fλ〉N,p = cλE(f)E
∗(f)〈f, f〉N , hence the result. 
Remark 2.2. The absolute value of τ(ψp) is p
−(m+n)/2 under our normalization of the slash operator.
Corollary 2.3. Let LSUf/K be the 2-variable p-adic L-function of Skinner-Urban defined in [SU14, Theo-
rem 12.7] and ψ as in Theorem 2.1. Then, the quotient
LSUf/K(ψp · χ
k−2
cyc )
Lp(f/K,Σ(1))(ψp · χ
k/2−1
cyc )
is a p-adic unit if (H.Im.), (H.Dist.) and (H.SS.) hold.
Proof. The comparison of the two choices of periods is given in the proof of [SU14, Theorem 12.7]. The
result follows from the respective interpolation formulae and the fact that the the absolute value of τ(ψp) is
p−(m+n)/2, whereas that of the Gauss sum of ψp is p
(m+n)/2. 
Corollary 2.4. Let LNf/K be the 2-variable p-adic L-function of Nekovar defined in [Nek95, §I.5.10] and ψ
as in Theorem 2.1. Then, the quotient
LNf/K(ψp)
Lp(f/K,Σ(1))(ψp)
is a p-adic unit if (H.Im.), (H.Dist.) and (H.SS.) hold.
Proof. This again follows from the respective interpolation formulae. The only non p-unit in the interpolation
factors for LNf/K(ψp) is p
(m+n)(k−1)/2. This has the same p-adic valuation as τ(ψp)p
(m+n)k/2 that appears
in Theorem 2.1 with j = k/2. 
Remark 2.5. It is important to note that the p-adic units
LNf/K(ψp)
Lp(f/K,Σ(1))(ψp)
and
LSUf/K(ψp · χ
k/2−1
cyc )
LNf/K(ψp)
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do not interpolate as (the p-ordinary stabilization of) f runs through a Hida family. In other words, Nekovar’s
p-adic L-function LNf/K does not interpolate to a 3-variable p-adic L-function.
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